INTRODUCTION TO THE 


MATHEMATICAL THEORY 
OF THE CONDUCTION OF 
HEAT IN SOLIDS 


BV 

H. S. CARSLAW 

Sc. D. (Cambridge), D.Sc. (Glasgow), F.R.S.E. 

I'KOFKSSOR OK MATHEMATICS IN THE UNIVERSITY OK SYDNEY 
KORMKKLV- FELLOW OF EMMANUEL COLLEGE, CAMBRIDGE, AND LECTURER IN MATHEMATICS 
IN THE UNIVERSITY OK GLASGOW 


SECOND EDITION, COMPLETELY REVISED 


MACMILLAN AND CO., LIMITED 
ST. MARTIN’S STREET, LONDON 
1921 


‘ PREFACE 


This volume completes the new edition of my book on Fourier s 
Series and Integrals and the Mathematical Theory of the Conduction 
of Heat. The original work was first published in 1906 and has now 
for some time been out of print. The first volume of the new 
edition appeared towards the middle of this year, and deals with 
the Theory of Infinite Series and Integrals, with special reference 
to Fourier's Series and Integrals. This formed a completely new 
work with the title Fourier s Series and Integrals. The second 
volume is devoted wholly to the Mathematical Theory of the 
Conduction of Heat in Solids. This part of the book has also been 
completely rewritten and much enlarged. It now includes a discus- 
sion of all the important* boundary problems associated with the 
Equation of Conduction. The treatment of these questions, 
especially in the later chapters, should be of use to those interested 
in the application of modern analysis to the solution of the differ- 
ential equations of mathematical physics. 

In Chapter I. the Differential Equation of Conduction is obtained 
and some general theorems as to its solution are established. Chapter 
II. deals with Fourier’s Ring. The next two chapters are devoted 
to Linear Plow. The principal changes made in these chapters are 
connected with the more exact treatment of the Infinite Series and 
Integrals which enter into the solutions. Chapters V. and YI., 
which deal with Two-Dimensional Problems and Flow of Heat in 
a Rectangular Parallelepiped, differ little from the corresponding 
chapters in the first edition. 

Chapter VH. deals with the Circular Cylinder, Chapter YIII. with 
the Sphere and Cone, Chapter IX. with Sources and Sinks, and 
Chapter X. with Green’s Functions. These chapters contain much 
additional matter. 


VI 


PBEFACE 


Chapters XI. and XII. are quite new. The former is entitled 
“ The Use of Contour Integrals in the Solution of the Equation of 
Conduction.’’ Bromwich’s recent work has directed attention 
to the “ operational method ” of Heaviside. It is true that all the 
questions examined in this chapter could be solved by that method. 
But to justify the operational method we must rely upon contour 
integration, and the chief difference between the method developed 
by me, as illustrated in this chapter, and the operational method is 
that I prefer in each case to turn to the standard path in the plane 
of the complex variable instead of using a kind of mathematical 
shorthand. 

In the last chapter — Chapter XII. — a sketch is given of the use 
of Integral Equations in the solution of the Equation of Conduction. 

This second volume could not have appeared so soon after the first 
liad I not been privileged to spend this year on leave of absence 
from the University of Sydney in my old College at Cambridge. 
For the facilities so fully granted to me there I take this opportunity 
of expressing my heartfelt thanks. 

Emmaxuel College, 

Cambridge, October^ 1921. 
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CHAPTEE I 

THE DIFFERENTIAL EQUATION OF THE MATHEMATICAL 
THEORY OF THE CONDUCTION OF HEAT 

1. Introductory. 

When different parts of a body are at different temperatures, 
heat flows from the hotter to the colder. Consider the metal 
rod ABOD, 


and suppose it is heated at the end A from some external source. 
For some time the temperature of the rod gradually rises, the parts 
near A being heated first, but no change takes place at CD till BO 
has had its temperature raised. Ultimately, if the end A is heated 
long enough, it is found that a steady state of temperature is reached, 
in which, while the temperature may vary from point to point, 
it remains the same at each point as the time changes. 

This transference of heat from the hotter portions of a body 
to the colder is called Conduction of Heat. It must be distinguished 
from Convection, on the one hand, and Radiation, on the other. 
In Convection the transference of heat is due to the motion of the 
heated body itself, as, for example, when the different parts of a 
liquid are at different temperatures, currents are produced by means 
of which a uniform temperature is reached. In Radiation the 
hotter body loses heat and the colder body gains it by means of a 
process occurring in some intervening medium. 

2. Conductivity. 

The Mathematical Theory of the Conduction of Heat may be 
said to be founded upon a hypothesis suggested by the following 
experiment : 

O.C.H. 


A 
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A metal plate is given, bounded by two parallel planes of such 
an extent that, so far as points well in the centre of the planes 
are concerned, these bounding sxirfaces may be supposed infinite. 
The two planes are kept at different temperatures, the difference 
not being so great as to cause any sensible change in the properties 
of the solid. For example, the upper surface may be kept at the 
temperature of melting ice by a supply of pounded ice packed 
upon it, and the lower at a fixed temperature by having a stream 
of warm water continually flowing over it. When these conditions 
have endured for a sufficient time the temperature of the different 
points of the solid settles down towards its steady value, and at 
points well removed from the ends the temperature will remain the 
same along planes parallel to the surfaces of the plate. 

Consider the part of the solid bounded by an imaginary cylinder 
of cross-section 8 whose axis is normal to the surface of the plate. 
This cylinder is supposed so far in the centre of the plate that no 
flow of heat takes place across its generating lines. Let the tem- 
perature of the lower surface be C. and of the upper 0. ('yo>^a)j 
and let the thickness of the plate be d centimetres. The results of 
experiments upon different metals suggest that when the steady 
state of temperature has been reached, the quantity Q of heat 
which flows up through the plate in t seconds over the surface 8 


is equal to 


K{Vf^--v^8t 

d 


where JE is a constant, called the Thermal Conductivity of the 
substance, depending upon the material of which it is made. In 
other words, the flow of heat between these two surfaces is pro- 
portional to the difference of temperature of the surfaces. 

This result must not be regarded as proved by these experiments. 
They suggest the law rather than verify it. The more exact verifica- 
tion is to be found in the agreement of experiment with calculations 
obtained from the mathematical theory based on the assumption 
of the truth of this law. 

Strictly speakmg, the conductivity K is not constant for the 
same substance, but depends upon the temperature. However, 
when the range of temperature is limited, this change in K may be 
neglected, and in the ordinary mathematical theory it is assumed 
that the conductivity does not vary with the temperature. A nearer 
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approximation to the actual state may be obtained by making K 
a linear function of the temperature v, 


e.g., 

where a is small. 

It is important to notice the dimensions of K, as it is frequently 
necessary to change the units of length, mass and time in terms 
of which, it is stated. 


Since 




Qd 




its dimensions will depend upon those of 
The unit of heat is taken as that quantity which will raise unit 
mass of water l^'C. The dimensions of QI(Vq--v^ are then simply 
[M], since tlie unit of heat varies jointly as the unit of mass and 
the value of the degree. 

It follows that 


On the o.a.s, system the unit of heat is the Calory, the quantity 
wliich will raise 1 gramme of water V C.’* 

If it is desired to measure heat by the work necessary to pro- 
duce it, the dynamical unit in this system would be the erg. The 
relation between the calory and this unit is given to a sufficient 
ap])roximation by the equation 

1 calory— 4*2 X 10^ ergs, 

and the numerical value of K, when heat is measured in calorics, 
will be 4*2x10'^ times its value wlien this dynamical unit is 
employ ed.t 


* Another unit Homotimem uhoU i» tho Urituh TJm'mal Unit (b.t.tt.), i.e. the 
(|uantity riMiuirod to raiHo I pound of water at its niaxiinuni density (39° I\) by 1“ h\ 

I H.T.xr, —252*0 eal. 

t Exporiinonts sliow tliat the amount of heat required to raise I gramme of 
water V arc not (juito tho same at different tomporatures, and in an exact defini- 
tion of the calory tho toruporaturo of tho water would need to bo specified. It is 
usual to take for this specified temperature 15° C., and tho calory will then bo tho 
quantity of heat required to raise 1 gramme of water from 15° C. to 10° C. For 
this 15° calory wo have the equation 

1 calory-'4*184x ergs. 

See Kayo and Laby, Tahlen of Phynical and Ohmikal Constants (4th Ed.), p. 5, 
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In the fundamental experiment from wliicli our definition of the 
conductivity is derived, the solid is supposed to be homogeneous 
and of such a material that,r when a point within it is heated, the 
heat spreads out equally well in all directions. Such a solid is said 
to be isotropic, as opposed to crystalline and non-isotropic solids, 
in which certain directions are more favourable for tiie conduction 
of heat than others. There are also heterogeneous solids, in which 
the conditions of conduction vary from point to point as well as in 
direction at each point. In this book we shall examine only the 
Theory of Conduction in Homogeneous Isotropic Solids. 

3. The Plow of Heat across an Isothermal Surface. 

Consider an isotropic solid with a distribution of temperature at 
the time t given by 

y, i)- 

We may suppose a surface described in the solid, such that at 
every point upon it the temperature at this instant is the same, 
say 7*^. Such a surface is called the Isothermal Surface for the 
temperature 7^, and it may be looked upon as separating the 
parts of the body which are hotter than 7° from the parts which 
are cooler than 7°. We may imagine the isothermaLs drawn for 
this instant for different degrees and fractions of a degree. These 
surfaces may be formed in any way, but no two isothermals can 
cut each other, since no part of the body can have two temperatures 
at the same time. The solid is thus pictured as divided up into 
thin shells by its isothermals. Heat is flowing from one shell to 
another, this flow of heat being along the normals to the surfaces, 
as no transference of heat takes place along the surfaces of equal 
temperature. 

Generalising the result of § 2 we take as our fundamental hypothesis 
for the Mathematical Theory of the Conduction of Heat that the rate 
at which heat crosses from the inside to the outside of an isothermal 
surface per unit area per unit time is equal to 


where v is the temperature of the surface, K the Thermal Conductimty 
of the substance, a^id denotes differentiation along the outward- 
drawn normal to the surface. 
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As a particular case, when the isothermals are planes perpendicular 
to the axis of x, the rate of flow of heat per unit area per unit time 

is —K I in the direction of the positive axis of x. If v is decreasing 

as X increases; this rate will he positive. If v increases as x increases, 
the rate will l)e negative, meaning that the flow of heat is in the 
direction of the negative axis of -x. 

4. The Flow of Heat across any Surface, 

We have stated in the preceding article that we assume that 
the rate of flow of heat across an isothermal at a point P is 


|)er unit a.rea per unit time, or, in the language of diflerentials, 
dQ^-K ^IdSdt., 

(IS being an clement of the isothermal surrounding the point P. 
We proceed to obtain an analogous expression for the rate at which 
lieat flows across any surface, not necessarily isothermal, per unit 
area per unit time at any point P. 

We shall denote this rate of flow by /. The value of / will 
depend upon the position of the point, the direction of the 
normal to the surface at that point, and the time. We shall now 
show that, if the values of/ are given for three mutually perpendicular 
planes meeting at a point, its value for {xny other plane through 
the point may be written down. 

Consider the elementary tetrahedron PABO, whose three faces 
PBO^ PC A, PAB are parallel to the coordinate planes, while the 
perpendicular to the face ABC from the point P has the direction- 
cosines (X, /X, 1 '), and is of length p, (Fig. 2.) 

Let the area of ABO be A ; then the areas of PBC, PC A and 
PAB are respectively XA, /nA and vA. 

If we denote the rates of flow for the elementary areas PBC, 
PGA, PAB and ABC by /«., /j,,/-, and/, the rate at which heat 
is gained by the tetrahedron is ultimately given by 
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However, if c and p are tlie specific lieat and density, tliis rate 
of gain of heat is equal to 


1 . dv 

di‘ 


Proceeding to the limit when this expression becomes zero, 
and fxifyyfz and / become the rates of flow at the point P across 



planes parallel to the coordinate planes and a plane through P, 
the perpendicular to which is in the direction (A, /x, r). Thus 


we have 


+^fz =/• 


Now, according to our fundamental hypothesis, the rate of 
flow of heat across an isothermal surface per unit area per unit 
time is equal to the product of the conductivity and the rate of 
diminution of the temperature in the direction of the normal to 
the surface. Let P be a point upon the isothermal, and the normal 
at P the axis of z, the axes of x and y being in the tangent plane 
through P. Then /a; and/^ are both zero, since no flow takes place 
along the surface. 

Therefore /=?/« 

=-k4 

oz 
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where denotes differentiation in the direction (X, /x, v), since 
dv ^ dv , dv , dv . dv dv 


. dv . dv . dv j ^ 
dh'~' dx^^ dy^^ dz dx^dif 


= 0 . 


Thus the rate of flow of heat at a point across any surface from the 
inside to the outside per unit area per unit time is 

dv 




dYh 


where 


denotes differentiation along the outward-drawn normal to 
the surface at the point. 

5. The Equation of Conduction. 

Consider the case of a homogeneous isotropic solid heated in 
any way and then allowed to cool. The temperature v at the 
point P{x, y, z) will be a continuous function of x, ?/, z and t, and 
the first differential coefficients of v will also be continuous. 

Consider an element of volume of the solid at the point P, namely, 
the rectangular parallelepiped with this point as centre, its edges 
being parallel to the coordinate axes, and of lengths 2dx, My and 
2dz. 

Let ABO I) and A'B'O'jy be the faces to which the axis of x 
is perpendicular. Then the rate at which heat is flowing into 
the parallelepiped over the face ABGD{x—'dx) will ultimately be 
given by 


Uy dz{f.^- d(^, 


where /«. is the rate of flow at P across the corresponding plane. 
Similarly the rate at which heat is flowing out across the face 
A'B'O'D' is given by 


idy dz [f, 




Tlius the rate of gain of heat from these two faces is equal to 
-Uxdydz^t^. 

Similarly from the others we obtain 

.Sfv 

dy az 

But this element of volume is gaining heat at the rate of 
8(fa: dy dz cp 


-Mx dy dz and —Mx dy dz . 
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1 




Therefore we have 

dt cp 

But we have seen that 




j. jr UO 

A = --^ 


and K is independent of x, y and 2 
Therefore our equation becomes 


'dy^'^dz^ 


The constant k was called by Kelvin the Diffusivity of the sub- 
stance, and by Clerk-Maxwell its Thermometric Conductivity. 


The dimensions of the clifiusivity k are obtained at once from those of the 
conductivity K (cf. p. 3). Since c above is the ratio of the quantity of lieat 
required to raise unit mass of the substance 1"C. to the quantity required 
to raise unit mass of water 1°C., it is of zero dimensions in mass, length 
and time. Also the dimensions of the density /> are [M]I[L^]. 

Thus we have 

It follows that if the units of length and time are the foot and year 
instead of the centimetre and second, the value of k for these units will 
have to be multiplied by (30-48)‘^/3-1557 x lO"^ to reduce it to the c.g.s. 
system. (Cf. p. 58.) 

By some of the early writers who did not employ the c.g.s. system, the 
thermal unit was taken as the amount of heat which would raise unit 
volume of water 1° C. 

Let c of these units be required to laise unit volume of the substance 
r C. 

Then the equation of conduction takes the form 

^ _ K f'd'^v 'd^v 
'dt c 

where K is the conductivity in terms of the new unit. 

It is clear that Kjc in this system is^ equal to the difFusivity Kjpe 
discussed above. 

On the other hand, when the thermal unit is the amount of heat requii’ed 
to raise unit volume of water 1° C., the numerical value of the conductivity 
will not agree with that obtained when the unit is the amount required to 
raise unit mass of water V C., unless the linear unit is the centimetre. 
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0 


If the solid is isotropic, but not homogeneous, the equation for 
V becomes 


dv 

^PdV 


_ a 

dx 




)+l,K 


dv\ 




In the case of Steady Temperature, when the temperature does 
not vary with the time, the equation becomes that of Potential. 
Also if at the point P{x, v/, z) there exists a source of heat supplying 
in the time dt the quantity A dt of heat per unit volume, the 
equation becomes 


dv d 
'di~ dx 



Such a condition is realised when conduction takes place along 
a wire along wliich an electric current is flowing, since this current 
is generating lieat in accordance with Joule’s Law. 


TIioso results may also bo obtained by tho application of ( bron’s Tboorom,* 
that when as well as their first dilforontial cooffieionts, are con- 

tinuous functions of a;, y and z, inside a closed surface, 

I J m +m,, +n0 dS ^ 1 1 j dx dy dz, 

{I, m, n) being tho diroction-cosinos of tho outward-drawn normal, and tho 
integrations being takon over tho surface, and throughout its volume. 
Suj)j)oso any such surface drawn lying wholly inside the given solid. 

Tho rate at which heat Hows out across tho element dS of tho surface is 

iVx +^^4 ^^nfz) 

Thoroforo tho total rate of gain of heat within the surface is 
-j [{If^+mf^+nQdS. 

But this rate of gain of heat may also bo expressed by 

f j j(ci)?J^dxdydz, 

the integration being taken through tho region hoiuukHl by this surface. 
Thus I" J jcf) dx dy dz+ j" j" {If^ + '»t/„ + w/j) (/(S - 0. 

Thoroforo by Green’s Theorem 

and this holds whatever closed surface we cionsider, provided it lies wholly 
within the solid and no source of heat exists within it. 


* Cf. Lamb, Hydrodynamics^ § 42. 
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Apply this result to the olemont surrounding tho point P{x, y, z), and wo 
obtain tho equation 

« a/, 

as before. 


6. The Transformation of Coordinates. 

These equations may be easily transformed into other Hystems 
of orthogonal coordinates, the most useful being the Spherical 
Polar System, in which the position of the point is determined 
by its distance r from the origin, its latitude d, and its azimuth (/>, 
and the Cylindrical System, in which its position is determined by 
the polar coordinates r, 0 of its projection on the plane of x, //, 
and the coordinate z. 

These are special cases of the general system of orthogonal co- 
ordinates, in which the position of a point is given by the inter- 
section of the three orthogonal surfaces, 

f=:const., ? 7 =const., ^ —const. 

We proceed to show how this transformation may most easily be 
afEected. 

Consider the element of volume bounded by the surfaces 
y}±dn, and let A'B'G'D' and ABOD be tho faces i±di. 

Let 

be the equation giving the length of the elementary arc joining 
the points (^, y, C) and H+di, y+dy, ^+d0- 
Then the area of the section of the ^ surface through 
cut off by the surfaces ii±dri, ^±.d^i& given by 

4:f/.V drj d^, 

and the rate at wMcb beat flows across this section per unit time is 

A^vdyd^f^, 

fj being the rate of flow of heat at P across tho surface 

Therefore the rate at, which heat flows into the element across 
the face ABGD is ultimately 

4 {pvf i) di^ d>i d^, 

and the rate at which heat flows out across the face A'B'G'B' is 
^{fJ-vf^+l-^{(.vfddi)dr,dt. 
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Hence the total rate of gain of heat from these two faces is 
The other faces give respectively 

V-/^) 

Inserting the values and/^-, namely, 

- ___K. dv ^ ^ Kdv . ^ K dv 

X a?’ V a?’ 

and equating the expression we thus obtain to 


we have 


Bv 

SXfjivd^ d)] d^cp^, 


. dv d fpv „ dv\ , 9 /v\ rj' dv\ , 9 /X/x „ 9?)'\ 

■5i= s?It 8?) + si t®s,)+5f(,v^a?> 


S?Vx“8f;^S,^M s,/^sf' 

which reduces to 

. S'?; d f fxv dv\ d fi'X dv\ d /Xjul Bv" 

Ft. 


when K is constant, and as usual we have written k== 

Spherical Polar Coordinates. 

In this system cc=r sin 0 cos 
y^r sin 9 sin 
z^T cos 0, 

and ds^=dr^~i-r^d6^+r^sin.^6d<l)^. 

Therefore the equation for v becomes 


K 


Cp 


Bv 

Bt 


.dr \ Br) sin 0 00 \ ^ 00/ sin^ 0 Bcb^j 


which may be written 
Bv 


Br^ 


B^v 2 dv l 0 
0y2 Y Br r^ dfjL 




sin^ 0 0^^_ 

1 Bh) 
'r^[l-p}) B(t>\ 


=cos 0. 


where />t= 

Cylindrical Coordinates. 

In this system x=r cos 0, y—r sin 0, 
and * ds^=^dr'^-\-r'^d9'^-\-dz^. 
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Therefore the equation for € becomes 


dv K 

‘9 / 

di\ 

. 3 1 

r 1 at'\ , d / 


drr 


'r,) 

H 1 

‘ de' 

Kr dd)^dz\ 

dz)_ 


which may be written 

ct^^ldr^ ‘ r dr ‘ r'^dO^ ‘ dzL' 

7. Initial and Boundary Conditions. 

Before we can proceed to the mathematical discussion of the 
problems of Conduction, it is necessary to determine the formulae 
which will express the Initial and Boundary Conditions which the 
temperature satisfies. These are partly the direct expression of 
the results of experiment and partly the mathematical statement 
of hypotheses founded upon these results. 

I. We assume that in the interior of the solid v is a continuous 
function of x, y, and t ; and that this holds also of the first 
differential coefficient with regard to t and of the first and second 
differential coefficients with regard to x, y and s'. 

II. Initial Conditions'. 

The temperature throughout the body is supposed given arbitrarily 
at the instant which we take as the origin of the time coordinate t. 
If this arbitrary function is continuous, we require to find a solution 
of our problem which shall, as t converges to zero, also converge 
to this value. In other words, if the initial temperature is given by 

v=f{x, y, z), 

our solution of tlie equation, 

must be such that Lt (v)=f{x, y. z) 

t^Q 

at all points of the solid. 

If the initial distribution is discontinuous at points or surfaces, 
these discontinuities must disappear after ever so short a time, 
and in this case our solution must converge to the value given by 
the initial temperature at all points where this distribution is 
continuous. 

III. Boundary or Surface CoMiiiom, 

(A) The Sufface of Separation of two Media of Different Con- 
dtiXiimLies and K^. 
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Let ^jL and denote the temperatures in the two media. Then 
it is assumed that at the surface of separation the temperatures are 
the same. 

Suppose an element of area dS taken upon the surface of separa- 
tion, and that an element of volume is constructed by measuring 
off lengths e along the normals over this area into both media, the 
quantity e being an infinitesimal of a lower order than the linear 
dimensions of dS. 



Then the rate at which heat is gained by this element of volume 
from the flow over the surface will ultimately be 




the differentiations being taken along the normals from the com- 
mon surface into each medium, the contribution from the ends 
being neghgible. 

Equating this to the expression 


dvi 


dv. 




dt 


Cl, C2 being the specific heats and pi, the densities of the two 
media, and proceeding to the limit when e vanishes, we have 




dni 


= 0 , 


and 

as the conditions at the surface of separation of the two substances. 

(B) When radiation takes place at the surface of the solid into 
a gas at the temperature Vq, it is assumed, and the assumption 
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is suggested by experimentj that the loss of heat per unit area per 
unit time is proportional to the difference of the temperatures 
of the surface and the gas. In other words this loss of heat is 
where jH is a constant associated with the state of the 
solid and its surface. This quantity is called the Bmissivity or 
Exterior Conductivity, and it is found to vary considerably with 
the temperature and the state of the surface, so that in experiments 
on conduction it is best, as far as possible, always to reduce the 
loss of heat by radiation at the surface to the magnitude of a small 
correction by treating the surface with a suitable material. 

The conditions at the surface follow in the same way as above, 
and we have 

where HIK=Ji, and the differentiation is taken along the outward- 
drawn normal. 

(C) There are other possible surface conditions. The boundary 
may be kept at a constant temperature, or at a temperature which 
varies with the position of the point and with the time ; or the 
boundary may be rendered impervious to heat. The analjrtical 
expressions for these cases are obvious. 

In the mathematical treatment of the question these surface and initial 
conditions are not regarded as conditions which v must satisfy on the surface 
itself or at the instant ^=0. They are taken as limiting conditions, and it 
is required in the one case that our solution shall converge to the given surface 
or initial value, and in the other case that the differential coefficients in the 
limit as we approach the surface shall satisfy the corresponding conditions. 

8. The Solution of the Problem is Unique. 

We shall now show that the general problem of conduction, 
based upon the equation of conduction and these initial and surface 
conditions, admits of only one solution. 

If possible, let there be two independent solutions of the 

equations 

^ =/cV h) in the solid, 

v=f{Xi y, z) for t~0 in the solid, 

I v—(p{x, y, t) at the surface. 


Let 
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TFen V satisjfies 
dV_ 
dt 


=/cV2F in tlie soM, 


V =0 for <5=0 in tke solid, 

V =0 at the surface. 

We shall prove that F must he zero everywhere in the solid. 
Consider the volume integral 


"111 T 


the integration being taken through the sohd. 
dJ 


Then 


dt 


=K^^^V^Wdxdydz 


But by Green’s Theorem, 
d_V 

dn 


Jf F { f f VVW dx dy dz 


JJJ 




\dy 

the integrals being taken over the surface and through the volume 
of the solid. 

Therefore 

Since F is zero over the surface, the first integral vanishes, 
and we obtain 
dJ 


dt 




Therefore 




dt 


<0. 


Since J =0 when t—Q, it follows that 

J^O. 


But since 


1 


F2 


dx dy dz. 


• J=o. 

Thus we must have J =0 and F =0. 
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A similar discussion shows that there can be only one solution 
for the problem with the other Boundary Conditions and for the 
case of Steady Temperature. To prove that the equations must 
have a solution is another matter. Their physical interpretation 
requires that this be true: the mathematical demonstration of 
such Existence Theorems belongs to Pure Analysis. 

9. Simplification of the General Problem of Conduction. 

When the surface conditions do not vary with the time, we may 
reduce the general problem to depend upon two simpler cases, 
one of these being a case of Steady Temperature. 

For example, when we have to satisfy 

through the solid, 

y, mitially, 

and v=^<f>{x, y, z) at the surface, 

we may put = w -{-w, 

where ii is a function of x, y, z only, and satisfies 
Vht=0 through the solid, 
and u—(j>{x, y, z) at the surface ; 

and \c is a function of x, y, z and t, such that 

^ through the solid, 

w=f{x, y, z)—u initially, 
and w—0 at the surface. 

The first is a case of Steady Temperature, and the second is a 
case of Variable Temperature with zero surface temperature. 

The case of Radiation into a medium whose temperature does 
not vary with the time may be treated in the same way. 

When the surface temperature varies with the time, or when 
radiation takes place at the surface into a medium whose tem- 
perature varies with the time, three different methods may be 
employed. The first is due to Duhamel, who showed that these 
two cases could be reduced to those of constant surface temperature 
or radiation into a medium at constant temperature. The second 
method corresponds to the use of Green’s Function in the Theory 
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of Potential. (Cf. Ch. X.) The third involves the use of contour 
integrals. (Cf. Ch. XL) 

At this stage we shall refer only to DuhameFs method, which 
depends upon the following theorem : * 

I. If v~F{x, y, z. A, t) represents the temperature at {x, y, z) at the 
time t in a solid in which the initial temperature is zero, ivhile its 
surface temperature is y, z, X), then the solution of the problem 
in which the initial temperature is zero, and the surface t-f:mp)erature 
is y, z, t), is given by 
a 

^ Jo t-\)dX, 

When the surface temperature is zero from t—^co to ^=0, 
and (p{x, y, z, \) from ^=0 to t=t, we may say that the initial 
temperature is zero and the surface temperature is (fi{x, y, z, X)j 
so that the temperature at the time t is given by 
v=^F{x, y, z, X, t), when t>0. 

Therefore when the surface temperature is zero from ^=—00 to 
^=X and (/>(a?, y, z, X) from ^=X to t=t, we have 

'v=F{x, y, z, X, ^—X), when t>\. 

Also when the surface temperature is zero from i =— 00 to 
t~\+d\ and (p[x, y, z,\) from t=X+dX to t=t, we have 

'V~F{x, y, z, X, t—X—dX), when ^>X^-^^A. 

Hence when the surface temperature is zero from t=—co to 
i=X, <p{x, y, z,X) from if=X to t=X+dX, and zero from t=X+dX 
to t—t, we have 

v=F{x, y, z, X, t-~X)—F{x, y, z, X, t—X—dX), 
or ultimately 

v=— F{x, y, z, X, t—X) dX. {t>X) 

In this way, by breaking up the interval if=0 to t=t into these 
small intervals, and then summing the results thus obtained, we 
find the solution of the problem for the surface temperature 
y}{x, y, z, t) in the form 

f« 0 

y, z, X, t—X)dX, 

* Cf. /- ec. polytech., Paris, 14, Cali. 22, p. 20, 1833. 

B 


C.C.H. 
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The corresponding theorem for the case of radiation is as 
follows : 

II. If v=F{x, y, z, X, i) represents the temperature at {x, y, z) at 
the time t in a solid in which the initial temperature is zero, while 
radiation takes place at its surface into a medium at <p{x, y, z, X), 
the7i the solution of the problem m tvhich the initial temperature is 
zero, and the temperature of the medium is <p{x, y, z, t), is given by 

Ij-PCa:, y, z, X, t-X)dX. 

When the surface temperature, or the temperature of the medium 
into which radiation takes place, does not vary from point to points 
but changes only with the time, these results may be stated in a 
slightly simpler form as follows : 

III. If v=F(x, y, z, t) represents the temperature at {x, y, z) at the 
time t in a solid in which the initial temperature is zero, while its surface 
is kept at temperature unity [or, in the case of radiation, while radiation 
takes place into a mediim at temperature unity], then the solution 
of the problem when the surface is kept at temperature ^{t) [or, in 
the case of radiation, while radiation takes place into a medium at 
temperature is given by 

<j>(X) F{x, y, z, t-X) dx. 

Now the general problem with varying surface temperature 
requires the solution of the equations 

dv 

— through the solid, 
mitially, 

v—<p{x, y, z, t) at the surface. 

Put v—u+w, where 

Sli 

^ hi through the solid, 

u=0 initially, 

u=<f>{z, y, z, t) at the surface ; 
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and -^=kV^w tkcougli the solid, 

w=f{x, y, z) initiaUj, 

^=0 at the surface. 

The equations for u we have just discussed. Those for w are 
in their simplest form. Hence DuhameFs Theorem simplifies this 
problem and reduces it to the case of surface temperature independent 
of- the time. 


CHAPTEE II 


FOUEIER’S RING 

10. Introductory. 

From reasons of symmetry in the initial distribution of tempera- 
ture or the form of the solid, it will often happen that the equations 
for the temperature which w^e have obtained in the previous chapter 
may be simplified, and that one, and sometimes two, of the co- 
ordinates disappear from these equations. For example, if we are 
dealing with a sphere in which the initial temperature is a function 
only of the distance r from the centre, and the surface conditions 
are the same all over the sphere, the temperature will depend 
only upon r and i. Similarly, if the sohd is bounded by two parallel 
planes, x=0 and x—a, and if the initial temperature is a function 
of X only, and the surfaces are kept at constant temperatures, the 
isothermals will remain planes parallel to the bounding planes, 
and the temperature will depend only upon x and t. Further, 
in the case of an infinite cylinder whose generating lines are 
parallel to the axis of 2 , when the initial distribution is the 
same at all points on lines parallel to this axis, and the boundary 
conditions are of the same nature, the temperature wiU depend 
only upon x, y and f, and will be the same at points in the cylinder 
which lie on lines parallel to the axis. 

11. The Equation of Conduction in Fourier’s Ring. 

One of the simplest and most suggestive problems in the Con- 
duction of Heat, when the temperature depends only upon one 
coordinate and the time, is Fourier’s Problem of the Ring. This 
problem is also of special interest, as it was the first to which 
Fourier applied his mathematical theory, and for which the results 
of his mathematical investigation were compared with the facts of 
experiment.* 


* Fourier, Theorie analytique de la chalmr, Ch. II. and IV. 
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For simplicity we shall suppose the ring to be formed by the 
revolution of its normal cross-section, a circle of small radius, 
about an axis perpendicular to the plane of the ring, though the 
investigation will also apply to any curved bar of small cross- 
section, the axis of which forms a closed curve with no loops. 

The cross-section is supposed so small that the temperature 
may be regarded as the same at all points of the section. The 
initial distribution is given, and the problem is to determine the 
temperature at any point in the ring when it has been allowed 
to cool by radiation and conduction, or by conduction alone, when 
the surface is impervious to heat. 

We choose the length x from a fixed point on the circle passing 
through the centres of the normal sections as the coordinate defining 
the position of a point on this circle. We examine the movement 
of heat in an element of volume contained between the sections 
ah and a'V at distances x and x+dx from the origin, the area of the 
cross-section being w and the perimeter jp. 

The rate at which heat flows into this element over the face ah 
is equal to dv 

and the rate at which it flows out over a '6' is 



Hence ultimately the rate of gain of heat due to the two ends is 

given by dH . 

K ft) dx. 

The rate at which heat is being lost by radiation at the surface 
of the element is H{v~Vo)p dx, 

where H is the emissivity : and the total rate of gain of heat is 
therefore ultimately 

(K^,co-pH{v-v,))dx. 

But, if c is the specific heat and p the density of the substance, 

this rate of gain of heat is also ultimately equal to 

dv j 
cp ft) ax, 

dv K dH B-V f \ 
dt^cpdx^ cpJ^ ‘ 


Therefore 
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Writing 


— ^==X and — =/c, 


we have 


=/C 3-2-A(®-*'o)- 


When the surface is rendered impervious to heat H is zero, and 
the equation becomes dH 


Also the case in which there is radiation may be reduced to this 
form bv substituting v^v^+ue-^K 

the external temperature Vq being constant. 

It will be noticed that when K is not constant, a similar discussion 
leads to the equation 

9w 1 dfjjrdv \ Hp . . 

57=— {V'-Vq). 

ot cpdx\ ox/ cpco 

12. The Variable Temperature o! the Ring. 

Consider the distribution of temperature in such a homogeneous 
isotropic ring of unit radius, when there is no radiation at the surface, 
and the initial temperature is an arbitrary continuous function /(tz;), 
satisfying Dirichlet’s Conditions (cf. F.S., §93),* whiIe/(— 7r)=/(7r). 
In this problem we shall suppose this arbitrary function continuous. 
In the other cases of Linear Plow of Heat the dfficulties introduced 
by discontinuities in the initial temperature wiU be examined, f 
The equations for the temperature are the following : 




(«>0, -'7r<X<-7r) 
(i=0, — 7r = £t: = 7r) 

1 . 


{O) Ux=. = W.r=-x j 

ldv\ (^>0) 

\dx)x==T \dx)x=^—>t] 

the third condition simply expressing the fact that the temperature 
and the flow of heat must be continuous at the point given by 
a;=± 7 r, or the opposite end of the diameter through the origin. 

Let the Fourier’s Series for/(a;) be 

<^o+{% x+hi sin x)+{a 2 , cos 2x+h^ sin 2ir)+ , 

*In this volume the author’s book Fourier's Series and Integrals (2n<i Ed.), 
1921, wiU be referred to as F,8. 
t Gf. e.g. §§ 17, 30, 31. 
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so that 


Qrr^ ~ 


f{x'\Ax\ 


1 f’" 

f{^') COS nx' dx', 

and hn= - f f{x') sin nx' dx'. 

Consider tiie function v defined by the infinite series 

^o+(% x-{-\ sin x)e~‘^^-\-(a 2 cos 2 x+b 2 sin 23;)e‘"‘-‘^+ ••• 

«3 

or 2 cos nx-\-bn sin 

' /?. = 0 

It is clear that each term of this series satisfies the difEerential 
equation (1) and the conditions (3), and that if we were dealing 
with the sum of a finite number of terms, the sum would also satisfy 
these conditions. In the case of an infinite series we have seen * 
that we must proceed with more caution. 

Since /(cc) is bounded,! there is a positive number M such that 
\f{x)\<M in (— TT, tt). It follows that \aQ\<M, \an\<2M and 
1 6,^1 <2M for all Values of n. 

Therefore | {a^ cos sin 

where 


But the series 

n=0 

is convergent, and its terms are independent both of x and t ; 
therefore the series 

CO 

COS nx+bn sin 

71 = 0 “ 

is uniformly convergent for any interval of x, when ^>0, and 
regarded as a function of t, it is uniformly convergent when t ^ to>0, ' 
tQ bemg any positive number. 

The function v defined by this series is thus a continuous function 
of X and a continuous function of if ip. these intervals. (Of. F.S.y § 68.) 

It is easy to show that the series we obtain by term by term 
differentiation of v with respect to x and t are also uniformly con- 
vergent in these intervals of x and t respectively. Thus these series 
represent the differential coefficients of the function v. (Cf. F,S,, 
§71.) 


* Cf. F.S,, Oh. V. 


fCf. F.J3., §§24, 31. 
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d'D 


Hence ~ sin 


n-O 


and 


dt 

02/y CO 

— V/{:7^2(a^ COS sin nx)e'' 

»fro 
3'y__ dH 
dt^^dx^' 


■ k)\H 


Thus 'D satisfies the difierential equation (1). 

How the series which defines v has been shown to be uniformly 
convergent for any interval of when i5> 0, and thus to be continuous 

dv 


in such an interval, and the same holds of the series for 


dx' 


But the values we obtain for v when we . substitute x=±7r are 


the same. Therefore 


and similarly 


Lt {v)=^ Lt {v), 

X-~>Tr - TT 

^dv\ 


U (|?)_ Lt ("f' 


It would have been more correct to state the conditions (3) of 
our problem in this form, since we are not so much concerned with 
the value of these functions for ai=±7r as with their limits when x 
tends to ± tt. 

We have now to examine whether the function v satisfies the 
initial conditions (2). For this purpose we must use the extension 
of AbeFs Theorem (cf. F.S., §73, L), since we have only proved 
that the series for v is uniformly convergent when and 

without further examination we could not use the fact that v--f{x) 
when i5=0 as equivalent to the initial condition (2), which is really 


that 


Lt ('«)=/(»). 

t — ^0 


In the extension of Abel’s Theorem above referred to, we saw 
that when 

is a convergent series whose sum is A, then the series 
where 0<t, is also a convergent series, and 


Let us apply this theorem to the series 

'y==ao+(ai cos x-\-bi sin a;)e~ 
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Since we have assumed that the continuous function f{x) satis- 
fies Dirichlet’s Conditions in the iliterval — and that 
f{7r)=f{~~7r), we know that the series 

cos ^+^1 x) + .., 

converges to the value /(cc) in the whole interval — tt — a; ^ tt. (Cf . 
F,S„ §95.) 

Thus our series converges when ^=0, and our theorem teUs us that 

Lt(t)) =/(»). 

'J: 

Therefore cos nrr-f sin 

H = 0 

satisfies all the conditions of the problem. 

13. The Steady Temperature of the Ring. 

Let the section of the ring at a:J=±x be maintained at a constant 
temperature V until the flow of heat has become stationary along 
the ring, radiation taking place into a medium at a constant tem- 
perature, which we take as the zero of our scale. 

The equations for v are 

(1) 

(2) v=V at x=±:tt, 
and (3) at ir=0, 

the last equation being required by the symmetry of the distribution 
of temperature. 

The general solution of (1) is 

'y=4 cosh(/xa3+a), 

A and a being arbitrary constants, and it is clear that all the con- 
ditions are satisfied by the solution 

T-r cosh ulx 

V = V r j 

cosh fxir 

which thus expresses the final state of temperature in the ring. 

A method of determining the conductivity is founded upon this 
result.* 


* Cf. § 32. 
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Let the temperatures be Vij and at any three points 
and Xq in the ring, and let 

Then cosh ^Z, 

cosil jj.x^ 

and for three such points this ratio is constant. This result is 
confirmed by experiment, and was first pointed out by Fourier.* 
Putting (t’i+U 3 )/t’ 2 — say, we have e>^^=n+\/{n^—l), 

. and thus Z^2=log(m+V(«'-l)). 

If, then, we have two rings of equal perimeter, cross-section and 
eniissivity, and temperature observations are taken at three points, 
as described above, we would obtain the ratio of their conductivities 
in the form /logK+v'(%^-l))'\- 

Kr^hg{n,+V(n,^-l))J ' 

2ni and being the values of {vi+v^)jV 2 in the two substances. 

The disadvantage of this method is the uncertain character of 
the einissivity. 


14. Neumaim’s Ring Method of obtaining the Values of the Con- 
ductivity and Einissivity. 


Suppose the ring, as in § 13, heated at x=±'u until the flow of 
heat has become steady. The source of heat is then removed, and 
the ring is allowed to cool, radiation taking place into a medium at 
constant temperature, which we shall take as zero. Measuring the 
time from the instant at which the source of heat is removed, the 
equations for v are as follows : 


(1) 

(2) 

(3) 


dv dH - 

rr cosh UX 

V=V 

cosh ,u7r 


(^> 0 , — 7r<.X<i7r) 

, (^=0, — TT—X^ir) 


'I 

\dx/j:=^ \dx/^=-J 


where X="^, k—~ and 

cpo) cp y K 


* Fourier, loc. cU., §§ 107-110. 
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Putting these equations give 




du__^ d^u 


{(’‘>0, — 7r<a;<7r) 


(5) 

( 6 ) 


^__^COsh julX 

cosh /xTr’ 



(^==0, — TT^iC^Tr) 

(^> 0 ) 


But, using the Cosine Series for — 

cosh jUL'ir 


namely, 


cosh juix _2 jul tanh 


/XTT 


1 -tr-^ COS o^lir 

_|_2^_____COS 71X 


cosh yUTT TT L2/A^ ‘ 
our solution for v follows at once, and is given by 

1 


v= — ^tanh awe''^^ 

TT 


. ^cosnTT 


After a considerable time has passed, the convergency of this 
series becomes very rapid owing to the presence of the factor 
Neglecting the terms after the first two, we have the equations. 


— tanh utt 

fJLir 

connecting the temperatures at ir=0 and x=^ir. 

This method requires the observations of the temperature when 
the ring is cooling at the points cc =0 and x= 7 r. These observations 
should be taken at equidistant intervals after a sufficient time has 
passed to allow our approximations to hold. If these conditions 
are satisfied, the observed values of log('y^±Vo) wiU lie on two 
straight lines. 

Let ^hen t=ti, 

when 

Then ™ - h) 

aa 


and 


X= 


^ log a2—log cbi ^ 
h h 


The mean of a set of such observations will thus give the value 
of X. 
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In the same way, let 


when t=t^, 
-VQ+v^^b^ when 


Then 


and 


/c+X- 


^Q{K+k){U-h)^ 

log b^-log 6i 

ti-k~ 


When K and X have been determined, the values of K and H 
follow.* 


* Neumann, Ann. chmi. phys.j Paris (Ser. 3), 66, p- 183, 1862; Phil. Mag.^ 
London (Ser. 4), 25, p. 63, 1863; Kirchhoff, Vorlesungen uber mathematische 
Phgsik, Bd. IV., p. 40, Leipzig, 1894. 



CHAPTER III 

THE LINEAR FLOW OF HEAT. 

THE INFINITE AND SEMLINFINITE SOLID AND ROD 

15., Introductory. 

In this chapter we shall examine the different problems where 
the isothermal surfaces are planes parallel to and the flow 
of heat is linear, the lines of flow being parallel to the axis of 
X, It win be seen that the results we obtain in this way also 
serve for the flow of heat along straight rods of small cross- 
section when there is no radiation at the surface. 

After obtaining the solution for the Infinite Solid, we proceed 
to examine, in detail, the many important problems of Linear Flow 
of Heat in the Semi-Infinite Solid, or the solid which is bounded 
by the plane x=0 and extends to infinity in the direction of x 
positive. Various applications of these results in obtaining the 
values of the Conductivity will be noticed. The corresponding 
problems in the case of the Finite Solid bounded by the planes 
x—0 and x=a will be treated in the next chapter. 

16. The Infinite Solid. 

In the theoretical case where the solid is unbounded and the 
initial temperature is given by the equation 

v=f{x), 

the equation of conduction reduces to 

dv d^v 

since v depends only on x and t 

Consider the expression 

1 --- 
u~~- 7 -e 4»tf. 
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c- du 1 

bmce -.e 

“ 2r 4rf- 

, a% 1 , a;2 .;2 

and 5-i= -e ■*'<H 

this expression is a particular integral of tiie differential equation. 

1 

Tlierefore ?r — 77 — 7 ^ e 

iv(™) 

is also an integral. 

Purtlier, tte equation being linear, tbe sum of any number of 
particular integrals is also an integral, and thus 




e dx' 


satisfies the equation, assuming that this integral is convergent. 
Putting x'==x-{-2'\/{Kt)i, 


we find 


that f / (£c+2 d^. 

VttJ -ic 


In the limit .when ->0,/(a;+2i/(A:i)f)=/(a:), if this function is 
continuous; and it is assumed that the limiting value of this 
integral is given by 

which is equal to f{x). 

Therefore the temperature in the Infinite Solid at time t, due 
to the initial temperature 

V^fix), 


1 r-® (.r-x')° 

IS given by v= - fix')e'' dx'. 

V V* J - x> 

The corresponding results for two and three dimensions are 
1 "r 7 jx-zT-My-y’) - 


and V 


1 r r vji—sir-r\ 

I j 

— 3C 30 

00 X X 


dx' dy' dz'. 


j* e"'‘^-^‘'^cos 26 a;d^a;— 

Jo 2a 


* Cf. F,S., p. 195, Ex. 13, and Gibson, Treatise on the Calculus (2nd. Ed.), p. 469. 
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and therefore | e cos a (a;' —a:) da -.,-e « , 

J 0 “"V 

we may transform tke expression for v into 

- f .dx'\ / [x’) cos aix' —cc) e ~ da, 

TT J — OT Jo 

a form wHcli would be suggested by Fourier’s Integral for / (-t), 

namely, 1 n r“ 

- da\ f{x') cos aix'—x) dx\ 

TT J 0 J - 05 

17. The above is the form in which Laplace’s solution for the Infinite 
Solid is usually presented. There are several points in the argument which 
obviously require fuller treatment if the discussion is to be at all rigorous.* 

I. We shall assume, in the first place, that the arbitrary function / {z) 
is bounded for all values of x {e.g. | / {x)\<M, for all values of x] and integrable 
in any given interval. 

This integral is convergent when t>0, and it can be differentiated imder 
the sign of integration, both with regard to x and t (Cf. F.S., § 86). 

Let a; be a point at which the arbitrary function is continuous. 

Then to the positive number €, chosen as small as we please, there corre- 
sponds a positive number rj such that 

!/(«') -/(“)! <je. ■W'lien 

Denote these integrals by Jj, Jg and J 3 . 


1 f-nMKi) 


f{x + 2 ^(Ki) u) du. 


Therefore 


, ^ . If 


Now 7 ; is known : it follows that we can choose so that 

j -nl^s/iKt) ip^hen 


since the integral 


e““" du converges. 


* Tor the bearing of this work on the representation of continuous functions 
by a series of polynomials, reference may be made to Borel, Legons sur les foncfions 
de variables redles, p. 50, Paris, 1905. 
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Thus |/,|<j€, when 

Similarlj', we can choose so that 

|/,|<Jc, when 0</^t3. 


Further, 








*57(br: 






"2V(‘ 


(.v'-3:)2 


dx' 


jj^ +r7(z;^) -/(*)) * 




4/ci 


=MM( r e-,r-du-r e-'-'-du) 

Jir \.'o -UtU'Wt) J 


Therefore 




i/. vM ‘-■‘'"vra.C'i''"'’ 


,21/(x)|/- 


But we can choose so that 

21/wi r 


•',' - I / e-“-(?!i<j£, when 


(..■'-A2 


— n I* ''l/(^') “/Wk t4~ ^ ^ e->‘"dn 

2v'(3rK() 4s/w./-v•2^/(.0 


<|€, w'hen ^>0. 


Therefore K2“/(^)l<5fi w’hen 

But r(x, 0 -/W = +(^2 -f{‘^)) + /a* 

Thus, if T is the smallest of ii, and^g, we have 

|i’(x, l)~f(x)\<e, when 0<i^T. 
In other words, ire have shomi that 

Lt v{x, t) =f{x\ 


when X is any point at which f(x) is continuous, and thefmiction has teen assumed- 
hounded for all values of x and integrahle in any given inferml, 

II- It vdll be found by a similar argument that 

Lt v{x, t)=i{f(x-i-0) ^f{x -0)}, 


when the limits /(a: +0) and f(x-Q) exist, and the function is subject to 
the same conditions as before. 


m. Let /(a;) be continuous in the interval (a, and also at the ends of this 
interval. Then the number referred to above will serve for all values of 
a; such that (Cf. F.8., § 31, Theorem I.) 

With some obvious verbal changes in (L) it will be seen that v{x, t) tends 
uniformly to f{x) fn m as f->o. 


RAMIN RE8EIR0H INSTITUTE 

bangalore 6 

rr Ci /” -j 


k \ 
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In other words, we have 

1 y (a;, 0 -f{x) [ < €, when 0 < ^ ^ r, 
the same r serving for all values of x in (a, /3). 

IV. The theorem established in (I.) is also true, when the arbitrary function 
f{x) does not satisfy all the conditions there imposed upon it. 

For example, if /(rr) it is not bounded for all values of x. 


But 


2sJ{TrKt) J. 


4Ki 


1 r 

x'-— / {x + 2sJ{Kt)uYe-^<-- du 

isjTT 

is/TTj-ca 


It follows that when ^->0, ^rr/ — r: / 

j-isJyTTKt) J_oo 

Further, it will be seen that when 


x'^e dx' has the Mmit x^. 


and 

we also have 


f{x) =aQ+ajX+ 

)e dx\ 




Lt v(x, t) =/(®).* 

j;->0 


V. It may be noted that in the above discussion it has not been assumed 

r 

that / f{x')dx' converges. It is not difficult to show, as in (L), that when 

.'-CO ^ ^ ,C0 

f{x) is hounded and integrdble in any given interval, and / \f{x')\dx' con- 

.'—00 

verges, v{x, t) has the limit f(x) (or -0)]) as t-^0, when the 

function is continuous at x or has an ordinary discontinuity there. 


18. The Semi-Infinite Solid. 

Let the solid be bounded by the plane x=0 and extend to infinity 
in the direction of x positive, the initial temperature being given 
by v—f{x), and the plane x=0 being kept at zero temperature. 
The solution of this problem may be deduced from that of the 
Infinite Solid. 

We suppose the soHd continued on the negative side of the plane 
x==0, and the initial temperature at —x' (a;'>0) to be —fix'), the 
initial temperature at x! being f{x'). With this distribution the 
plane will remain at zero. 

Then we have 

‘0 {x-x’)^ \ 

(—/(— cc'))e (fo'j, 

- OO / 

and this reduces to 




( /Me- 

\J 0 


{x-x’y2 - ( 

dx'+\ 


V 


1 



{x-x'yi 
4/c< — g 


]dx\ 


* For a more general discussion see Ooursat, Cours d' Analyse, T. III., § 543, 1915. 
C.C.H. c 
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It is clear that this value of v satisfies all the conditions of the 
problem of the Semi-Infinite Solid whose bounding plane is kept 
at zero temperature. 

When the initial temperature is a constant, V, this expression 


may be simplified by substituting x'= 
and x' = —x+2\/{Kt)^ in the second. 


in the first part, 


We thus obtain 


^-di 


Y r -^<0 
V W J 

The definite integrals of this type have been tabulated,* and if 
we write 9 

the solution of the problem of the Semi-Infinite Solid, whose surface 
is kept at zero temperature, the initial temperature being 7, is 
given by / x \ 

■“’'Kw))- 

With the aid of the tables for these functions we can find the 
time which must elapse before the temperature at a depth x has 
fallen to a given fraction — say | — of its original value. 

Since, if t;=|7, we must have 




and from the tables for Q{x) it follows that 


W{Kt) 


=477 approximately. 


From calculations based upon the values of k for silver and 
bismuth, Weber f states that it would take J second for the tem- 
perature to fall by one half at a depth of 1 cm. in silver, and that 

* Tbe first table of these int^rals was published by Encke in a paper on the 

Method of Least Squares ” in the Berlin AdrmomiscUs Jahrhuch for 1834, 
giving the Talu^ of 0(a:) for ar=0 to at intervals of *01 computed to seven 
decimal jfiaces. Be Morgan extended thistoa;=3mhis“ Essay on Probabilities ” 
(1838). A new table, to fifteen places, from r=0toa:=3at intervals of *0001 has 

been puWiahed by Burgess in bis paper “ On the Definite Integrals P e~^~dt 
with extended Tables of Values,” Edifdmrgh, Tmm. E. Soc., 39, p. 257, 1899. 

t Weber-Riemann, Die parti^ Diff&eniM-gleichungen der mathematischen 
P^j/wi'L Bd. IL (2 Aufi ), § 37, Braunschweig, 1912. 
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in bismuth it would take 8 minutes : while the times required for 
such a change at a depth of 1 metre would be about 1 hour and l i 
months respectively in the two substances. 

It will be noticed that the expression for the temperature may 
be transformed as in § 16 into 

v= i I dx' 1 f{x') [cos a {x' -x) - cos a {x' + xf] da 

ttJo Jo 

=- [ dx’\ f{x') sin ax' sin ax da, 

TT Jo Jo 

a form suggested by Fourier’s Integral 

/(x)= - da\ fix') sin ax' sin ax dx', 

TT Jo Jo 

Ex. 1. Prove that when the boundary a:=0 is kept at temperature unity 
and the initial temperature is zero. 


^= 1 - 4 - r 

Jo 


2 rWC'ci) 




Ex. 2. Prove that when the boundary a:=0 is impervious to heat, the 
solution takes the form 

O'-x'p (x±£T 


1 


2^l(7rKt)J 
2 


/ /(*'){« 


iKt 4.g 


)dx' 


= — I dx' I f(x') cos ax' cos ax e ~ da, 

TTjn Jn 


The curves 


2F 


z V r.- 




for different values of f may be drawn. As t increases these curves get flatter 
and approach the line v=0. As ^ gets smaller and smaller they approach 

the line v = V, when a:>0, 

and the limiting form of the curve for i = 0 is the origin 
v=0\ 
x~0j 

If we take the case in which the semi-infinite solid is initially at zero tem- 
perature and the surface a;=0 is kept at unit temperature, the solution is 
given by 


and the line ^ 1 1. 

x>0j 


=1 


dv 


2 ,v/2V(kO 

-:aJo 


.^2 


and in this case . 

. We are indebted to Professor A. Stanley Mackenzie for permission to 
reproduce the curves. Figs. 4, 5, 9, and 10, given in his paper “ On Some 
Equations pertaining to the Propagation of Heat in an Infinite Medium ” 
Philadelphia, Pa,, Proc, Amer, Phil, JSoc,, 41, 1902). 
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19. The Infinite or Semi-Infinite Rod. 

The problems for the Infinite or Semi-Infinite Rod of small 
cross-section may be solved in the same way. As in the case of 
Fourier’s Ring, the cross-section of the rod is supposed so small 
that the temperature at all points of the section may be considered 
the same as that at its centre. 

Suppose the rod to lie along the axis of x, and consider the element 
of volume bounded by the sections at P{x) and P'{x-\-dx). 

The rate at which heat flows into this element over the face at 
P is Sr 


where w is the area of the cross-section of the rod. 

Similarlv, the rate at which heat flows across the face at P' is 


l-A-f-A-pl'*- 

V ox ox^ 




Hence ultimately the rate of gain of heat in the element from these 
two faces is ^2^, 


wK dx, 
dx^ 


The rate at which heat is lost by radiation at the surface is 
H{v-Vo)pdx, 

where p is the perimeter of the cross-section and ro is the temperature 
of the medium. 

Also the total rate of gain of heat in the element is ultimately 

dv j 

(cCp ax. 


Thus we have 
which becomes 


dt cp dx^ cpco ^ ® ’ 


dv d'h' 
dt 


dz^ ^’o) 


oa putting —=\ and —=k. 

cpw Cp • 

When the surface of the rod is rendered impervious to heat, so 
that no radiation takes place, the equation for the temperature 
takes the form ^2^, 


and the problems on the distribution of temperature in an Infinite 
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or Semi-Infinite Rod are reduced to those of Linear Flow in an 
Infinite or Semi-Infinite Solid, 

When radiation takes place into a medium at constant tempera- 
ture, this may be taken as the zero of our scale, and the equation 
becomes 


I'll , 

which reduces to 

at dx^ 

on substituting 

Thus the problem is reduced to that of Linear Flow already 
examined. 

If the material of the rod is not homogeneous, it is clear that 
the temperature equation becomes 


1 9 /jj- 9^\ 
dt Op dx \ dxJ 



20* Conductivity Experiments upon Bars. Steady Temperature. 

The fundamental experiment described in §2, from which 
our definition of conductivity is derived, has been used in the 
determination of the conductivities of different substances. The 
mathematical theory of the Conduction of Heat in a Semi-Infinite 
Rod has also been employed in finding the conductivity and 
emissivity. We shall refer in this article to experiments in 
which the Steady Temperature is used. 

A straight bar of small cross-section of the material to be tested 
is taken and heated at one end till the temperature becomes steady. 
If the bar is long enough, the temperature of the further end is 
practically unaffected by the source of heat and remains the same 
as that of the surrounding medium, which is taken as zero. The 
circumstances of the , experiment are thus represented by the 
equations 

d^v 

/c^— X'y=0, ^=Fat£c =03 ^;=0ata;=oo, 

and 

gives the temperature at the distance x from the end which is 
kept at the temperature V long enough for the steady state of 
temperature to be reached. It will be noticed that this requires 
that the rod should be of such a length I that ^/{X/k) I is very large. 
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Bars of different metals of the same dimensions are used and 
the surfaces are varnished in the same way, so that the value of 
the emissivity will be the same for each. In this case temperature 
observations in the rods give the values of X /c, and thus the ratios 
of the conductivities are obtained. The experiments of Ingenhausen, 
Despretz, Wiedemann and Franz, are based upon this method, and 
descriptions of their work may be found in Text-books of Physics.* 

However the power to radiate heat is one which it is hard to 
regulate, and for this reason these experiments are not of such value 
as others which we shall discuss later, in which the conductivity 
is found directly and without reference to the value of the emissivity. 
It is to be noticed also that these experiments only give the relative 
values of the conductivities. 

The classical experiments of Forbes f afford a method of obtaining 
the absolute value of the conductivity of metals. Forbes also 
employed the Bar Method and used the Steady State of Temperature. 
His method consists of two essentially distinct sets of observations. 
In the first, the steady state of temperature of a long bar of wrought 
iron (8 ft. long and IJ sq. in. in cross-section) was considered. 
The bar was heated at one end till the temperature had become 
steady, and it was of sufficient length to allow the end furthest 
from the source of heat to keep the temperature of the surrounding 
medium. The rate of flow of heat across the section distant x from 
the heated end is given by 

jr dv 

Aft) , 

ox 

ft) being the area of the cross-section. 

This must be the same as the rate at which heat is being lost 
by radiation at the surface of the bar from this section to the end. 

Bv 

Forbes determined the value of g^^from the readings of ther- 
mometers placed at different points along the bar, and his work is 
thus independent of the mathematical solution which the other 
experimenters employed. 

* Cf- Poynting and Thomson, TexUbook of Physics — Heat (6th Ed.), p. 96 et seq . ; 
Preston, Theory of Heai (3rd Ed.), §§296-299; Winkelmarui, Handbuch der PhysiJc 
(2. Anfl-), Bd. in., p. 450 et seq. 

f Edinburgh, Trans, R. Soc., 23, p. 133, 1864. 
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The second set of observations was designed to give the rate 
at which heat was being lost at the surface. 

For this purpose he employed another bar of the same material, 
and exactly similar to the first, except that its length was only 
20 inches. This bar he heated uniformly and placed to cool along- 
side the other, which had now cooled, so that the circumstances 
of the radiation might be the same. The rate at which heat was 
radiated by this bar at difierent temperatures could be obtained, 
since for any element dx it would be equal to 


— cocp dx 


dv 
dt ' 


dv 


But the value of corresponding to any definite temperature 


is given by continued observations of the temperature at any point. 
Thus the quantity of heat lost per second by every part of the 
larger bar in the first part of the experiment could be determined. 
Therefore K is given by the equation 


Kr 

OX 


-'of 

Jx 


dx. 


dv 


In this work Forbes employed graphical methods, on the 


left-hand side of this equation being obtained from the curve of 
the temperature given by the observations on the long bar, and 
the integral on the right-hand side being obtained as the area of 
a curve plotted from the temperature observations on the second 
bar. 

By these means he found the value of the conductivity at different 
sections of the bar at different temperatures, and he showed that 
the conductivity of iron decreases with rise of temperature. His 
observations have been repeated by different physicists, and they 
occupy an important position among the methods for determining 
the value of the conductivity of metals.* 


21. Conductivity Experiments upon Bars {continued). 

Variable Temperature. Angstrom’s Method-f 

In the preceding article we have shown how the Steady Tempera- 
ture of a long metal rod of small cross-section may be employed 


* Cf. Poynting and Thomson, loc. cit, p. 98 ; Winkelmann, loc. cit, p. 454. 
f Ann, Physih, Leipzig, 114, p. 513, 1861 ; 123, p. 628, 1864. 
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in obtaining the conductivity of the substance. The variable 
temperature has also been used, in the case in which one end of the 
bar is subjected to periodic variations of temperature, which cause 
heat waves to travel down the bar. The conductivity is calculated, 
from the march of these waves. Angstrom was the first to employ 
this method, and his work is of exceptional interest both from the 
neatness of the mathematical discussion and the novelty of his 
experimental method. Hagstrom * later discussed the same pro- 
blem, assuming that the conductivity and emissivity vary with the 
temperature; Neumann and Weber *{■ extended the method to the 
case of a short bar, both ends of which undergo periodic changes 
of temperature. 

Angstrom employed long bars of small cross-section. The end 
x=0 was subjected to periodic changes of temperature, being 
alternately heated by a current of steam and cooled by a current 
of cold water for equal intervals. When this has gone on for some 
time, the temperature in the bar will ultimately settle down to a 
periodic state, independent of the initial distribution. It is this 
periodic state which Angstrom investigates and upon which his 
results depend. The bar is allowed to radiate into a medium at 
a constant temperature, taken as the zero of the experiment. As 
before, it is supposed of such small cross-section that the temperature 
over the section may be taken as that at the centre, and of such 
length that the temperature at the further end remains unafiected 
by the alterations at a:=0, so that in the mathematical treatment 
it is supposed unlimited in this direction. 

The equation for the temperature we have already obtained in 

the form ~ 

dv dw . 

The solution will be periodic with the same period T'as that 
of the temperature at x=0, and it may thus be supposed built 


up of terms 


F cos ficd-i-Q sin noot, 


where 


T' 


* Hagstrom, Stocikolm, Vei,-Ak. Ofvers., 48, 1891. 
t See § 35. 
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The quantities P and Q will be functions of x which satisfy 
d^P X to ^ 

d^Q X ^ no) -p 

since these results follow from equating the coefficients of sin ucot 
and cos ncot to zero in the temperature equation. 


Thus we have 


where 


fd^ 

\dx^ 


P+/34P==0, 
no) 


x‘^==~ and 

K K 


Therefore P=Ae-^n^ cos (g^x—e) cos 

where 

fa2+V(a^+/3^)l 
2 


•=V{‘ 




2 


i’ 


and A, A', e, e' are arbitrary constants. 

Since P vanishes when a:=oo , it follows that A'—O, and our 
equation becomes p=Ae-V cos (g^x-e), 
from which we obtain 

Q=.4e"^n^sin 

Thus the term P cos noot +Q sin na^t 

becomes Ae ~ V cos (ncjot —gnX+e), 

and V =AQe~^o^’+Aie'^^i‘^ cos (cof—g/x-i-ei) 

+A^e-^^ cos {^(d—g^x+e.^, 

+-■• j 

with the same notation as above. 

It is clear that ^Q=y'(X//c) 

and that the mean temperature is given by 


while 


giving 



44 


THE LINEAR FLOW OF HEAT 


In Angstrom’s experiments the heating and cooling effects were 
carried out for intervals of 12 minutes each. The period of the 
oscillations of the temperature in the rod was thus 24 minutes. 
The temperature at a fixed point was then taken after the lapse 
of a considerable time from the beginning of the experiment, at 
inter\"als of 1 minute, and in this way the temperature curve for 
that point obtained. This curve should be periodic and of the 
same period, 

Bv analysing this curve we may obtain the coefficients in the 
expression for the temperature, written in the form, 

cos ( 2 w^-[“, 82 )+*** • 

Similar observations for another point give the coefficients in the 
expression 

t (oj^-T-yi) +C 2 cos(2w^-ry2) + * • • 

for the temperature there. 

Comparing these with the expression for i\ namely, 

we see that - > 0 ) 

and that ft— yl=i 7 /(i^ 2 ~•^l)• 

If the distance between the points be I, we obtain from the 
formula 


the result 
Therefore 


log jBj -log Cl [I3i -y 1 \ tt 

I I /kT' 

(log £1 -log Cl) ‘ 


The conductivity is thus determined independently of the emissi- 
vity. By altering the nature of the surface of the bar so that X 
changes, the values obtained for k should not vary. Angstrom 
made such changes, and his results confirmed the values given 
by his earlier experiments. 

When K is known, X can be found at once. 
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22. Conductivity Experiments upon Bars {continued). 

Variable Temperature. 

In the mathematical problem, where the semi-infinite rod is 
initially at zero temperature and the end is kept at temperature 
unity, the temperature at time t is given by 

2 r 

v^-^\ e-^^df 
VttJwCkO 

(CM 18, Ex. 1.) 

It might appear that this solution would afford a means of deter- 
mining /c, since from the observed temperature at any point at 
the time the table of values of the function 

Q{x)z=~^{ e~^'df 
V'ttJo 

would give the value of 

and thus k would be known. The difficulty in using this method 
depends upon the fact that the end of the bar, in this case a;=0, 
is generally heated by a current of water at the given constant tem- 
perature. Now experiment has shown that it is not true that the 
end of the bar immediately attains the temperature of the fluid ; 
and thus the mathematical statement of the conditions of the 
experiment can only be accepted as an approximation. However 
it has been shown to be a fair approximation, and is still accepted 
as a means of determining the thermal constants.* 

Kirchhoff and Hansemann,t who first discussed this case, made 
the assumption that the temperature at x=0 would be given by 
0+^{t)y where C was a constant and cp{t) a function of the time 
which was to be ‘taken indefinitely small. ' The value of C was 
to be determined by temperature observations in the immediate 
neighbourhood of the heated end, and was not assumed to be equal 
to the temperature of the fluid by means of which the heat was 
supplied. 

Another method of treating the same problem has been developed, 
and a series of experiments devised and carried out in the Berlin 
Physikalische Institut has proved its power. The assumption of 


* Cf. Ann. Fhyaik, Leipzig (N.F.), 66, p. 207, 1898. 
t Cf. Ann. Phyaik, Leipzig (N.P.)» 9. P* h 1880 ; (N.F.), 13, p. 406, 1881. 
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4 (\ 

a sudden change at jc= 0 to the temperature of the heating liquid 
is avoided by considering the alteration of the temperature with 
the time at two points and in the bar. It is shown that a 
solution of the equation of conduction may be obtained which will 
give the observer! temperatures at these two points. This solution 
is then available for the evaluation of the conductivity. The actual 
conditions at the end x=0 are only used to obtain a suitable mathe- 
matical form for the solution. Two distinct lines of treatment are 
followed. In one the approximate solution is derived from the 
condition that at x~0, v=l; and then this solution is changed to 
make it suit the observed temperatures. In the second the approxi- 
mate solution is derived from the condition that at x=0, 

ox 

This is taken to represent the facts of the case when the end x=^0 
is heated, not by the flow of water, but by radiation from a plate 
of platinum kept at white heat and supposed to convey to the 
end of the bar a constant supply of heat. For the details of these 
methods we must refer to the papers noted below.* 

2S. Semi-Infinite Solid. Initial Temperature Zero. Surface at 
Temperature (p{t). 

W e have seen in § 9 that, when the surface temperature varies 
with the time, the solution may be deduced, by DuhameFs Theorem, 
from the case in which this temperature is constant. 

Now, in the Semi-Infinite Solid, where r hats to satisfy 

dv__ d^v 
v—Q when t=0, 

and r=l at z=0, 

the solution is given by 



•Gnineisen, Ann. Pkytik, Leipzig (4. F.), 8, p. 43, 1900; Giebe, Diss., Berlin, 
1903 ; Yerh. D. piysiL Get., p. 60, 1903 ; Hobson and Diesselborst, “ Warme- 
leitnng,” Enc. d. noth. WUe., Bd. V., TL I., pp. 224-227, 1905. 
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Therefore, if 


Jt 


v=0 for (=0, 

and v=f{t) at x=0, 

the solution is given by 


In this case 


F (x, t —X) =-|- f e-^’df. 

VvJ,,./o^/(K(t-A)) 


;s(., V(«(i-M) 


^'S/ilTK {t — X)^) 
Therefore the solution of our problem is 


e 4k(«-a). 


Putting 


we have 


^ A) 


'2V{K{t-\)y 


t-X=-, 


V ^ J xiwiKt) ^ 4/c/r V 


In this form it is clear that our solution satisfies the differential 
equation and the initial and boundary conditions. 

24. Semi-Infinite Solid. Surface Temperature a Harmonic Func- 
tion of the Time. 

If the surface temperature in the Semi-Infinite Solid bounded 
by the plane x=0 is given by v=A cos (co^— e), and the initial 
temperature is an arbitrary function v=f{x), we may solve the 
problem by putting 'o—u+w, where 
du _ dhjL 

u=0 initially, 

and u=A cos (wt—e) at x=0 ; 


* a § 9, III, 
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dw^ dhv 


w=J{jc) initially, and 2r==0 at 
The value of u we have found in § 23 to be 


\/7i 


2A 

= -y-COS 
yiT 


r ( 

/ a-2 \ 

\ 

cos 1 ( 1 ) 

•1 X'2\/(Kt) ' 

\ vv 

-e) 




i) 

ar/2(<0 




0 7 

cos 


•s(a)j?-~6)f 

‘la:/20 

2A r 

T — — sm e) 

J^/2i 

But it is known * that 

V TTJo sm 4:kjul^ sm V \2kJ 


. (JOX^ O 7 


♦Let 


Then 

da “ 



and 



•» 

= -/ ' 

Thus 





e 22^ gin aa^dx 

X- 


^-iiin^ydx. 


Similarly it can l>e siiowii tliat — = ~^h 

dar 


dht . ^ 

,7^j+4«=f>. 


Therefore 

•■‘“1 „ «=«‘‘‘(-lcosa + jSsino) + t“(44'eoso + 5'sina). 

Xow |ai<i f~''’'?r<}4_/T for ever}- real a. 

Therefore A' and B' must vanish. 

«=f "®(A eosa + /?sina) 
r=t~^{A sin a - 5 cos a), 
a = 0, « = I y-jc and v = 0. 
and B=0. 


Thus 
and 

But when 
Therefore 

Thus we have sho%*n that 

I € - ^-cos ^ dr = i ^fire " “ 


/: 


^ “sin a. 


•( 1 ) 

•( 2 ) 


fanetions of a, and the differentiations 
the abo\e argument are justihable. (Cf. F.S., §§ 84, 86.) 
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Therefore when t is so great that we can replace the integrals of 
(1) by those of (2), ii is given by the equation 

Further, we know from § 18 that 


l's/{'TrK'C), 


i>>(' 


e 4#cf - 


= “'1 dx'^f{x') sin aX sin ax' e- 

and, as t increases, this expression gets smaller and smaller. Thus 
when a sufficient time has passed to allow the distribution of tem- 
perature to become purely periodic, and the influence of the initial 
distribution has passed away, the temperature is given by 

cos (a>t--A.I(^")x—^‘ 




This result might have , been obtained directly, as in the discussion of 

Angstrom’s method. If we assume that sufficient time has passed to allow 

the temperature throughout the solid to become periodic, it must be given 

by terms of the type p cos cot +Q sin ot, 

where P and Q are functions of x only. 

Then, substituting v=P cos cat +$ sin cof 

. XI X- ■ dv d^v 

in the equation ~ 

we have, on equating the coefficients of cos cdI and sin <of. 


and we have 


co/k =fj} 

d^P . 


+ /x«P=0, 


which gives P =A"e-/^a;A /2 cos +e) cos (Aa:,\'2 -he"'), 

where A', A", e', and are arbitrary constants to be determined by the 
initial and boundary conditions. 

But when x-^ao , P must not be infinite. 

Therefore ^"^=0, 

and P = cos {fjuxl^2 +€'). 

Also since 

it follows that Q=A'e-}^l V- sin (/xa;/^2 + e')> 

axid ^ =A'e-i^lV'^ cos (wi -/Aa;/V2 — e')- 


C.C.H. 
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The conditions at a:=0 show that 


and 

as before. 


v-de 




A'^A, 
€ =€, 


When the surface temperature is a periodic function of the time 
(p(t ), of period we can obtain the solution by using the Fourier’s 

Series for 

0(/)=ao— (uj cos cet-rbi sin a}t)+{a2 cos wi+fegsin cot)+.., 
=AQ-i-x 4 .i cos (oA — €i)-{-A2 cos (2coi — • 

With this value of ^(t) we have, from the above discussion, 

4- ^ cos +etc. 


25. Semi-Infinite Solid, Eadiation at the Surface into a Medium 
at 2^ro Temperature. Initial Temperature Constant.* 

When the initial temperature is constant and equal to Vq, the 
equations for i' are as follows : 

dt 


v^Vq when i=0, 


dr 


Let 

Then we have 

Therefore, from § 18, 


— -fAi;=0 when rr—O. 

^ 1 du 

^ A dx 
d<p d^<j> 

<P=Vq when ^=0, 
^=0 when a;=0. 


MWiKt) 

and it will be noticed that, when , <p{Xy t) has the limit Vq, 
* The ea« of initial temperature /(a-) is treated in § 83. 
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To determine v we Lave the equation 
Thus 'o —C —h f ^ (f, i) 

J CO 

on integrating this equation in the usual way. 

Therefore v—Q hi (j>[x +^ 7 , t) d>], 

Jo 

on putting i=x-{-7]. 

But as x->oo , t) has the limit Vq^ and as v must be finite, it 
follows that C must be zero. 

Hence the solution of our problem is given by 

'O—h [ (p [x+i], t) drj 

Jo 


v^J/ ij. *T" 


Therefore 

2 vq 

v=-f- 

V w 


V'TTJi 

'■’•'I 


Xx+ri)/'2\/(Kt) 

e- 

0 


Xx-i-v)/W('ct) 




du 

+ 7-1 "■''Id 

^0 r 

Vlw/c^) J( 




2 vq 


e~^^du) dt] 




du- 


0 


“f 


V {ttkI) 

In the second integral put 

' X+r}+21^Kt=2^/{Kt)u, 

Then 


(y+7j+2;^/c02 

e drj. 


2^0 r^/VK(0 
__2vq r^V27(K0 

V^rJo 
Therefore 


V TT 

yir 


r 


e~''^'-^du 


J (x-\-2hKt)J2^/(Kt) 


“(r 


e-^^du- 


r(X-h2hKt)l2y,/(Kt) 


■Jo 


e~^- du 


where, as in § 18, Oi^)=~^ f 

VTTjo 


* Of. Kirchhoff, loc, cit., Bd. IV., pp. 25-27 ; Boussinesq, TMorie analytique de 
la chaleur, T. II., §§ 165-167, Paris, 1903; Weber-Riemann, loc, cit, Bd, IL, § 38. 
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Put x~0, and we have 




'S/ 7i 


7i2/cf f 

J/r 


e-^^"du. 


W{Kl) 


We proceed to find the surface temperature after a considerable 
time has passed since cooling began. 

It can easily be proved, by repeated integration by parts, that 


“ 2 U 2*3+ 22' a;5-+( 1) 


1 . 3 ... 2'ft-3 1 


2 k- 




+(-iy 


1.3...2w-ir" ,.dx 

I - . 4 I /a-.'*- . .. 


^2n* 


This series does not converge, since the ratio of the term to 
the does not remain less than unity, as n increases. How- 

ever, if we take n terms of the series — the remainder — namely, 

1 . 3 ... r e-'- j 
2^ 

is less than the term, since 

r ^ .2 dx _ r dx 

1 ^ ' I 

J X J X •*' 

We can thus stop at any term, and take the sum of the terms 
up to this term as an approximation for the function, the error beinp^ 
less in absolute value than the last term we have retained. 

If in this way we take 

-^5 — /I ^ M. 

Vtt 12 VAV(4 2(/?V(/cO)Vi 
^3- ( ^ ^ ^ \ 

■ \/'7r\hViKt) 2{hV'{Kt))y' 
and choose t so great that 

where e is any positive quantity taken as small as we please, the 
error in taking 

h^/iirKt) 

for the temperature at the surface will be less in value than e. 
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26. Semi-Infinite Solid. Radiation at the Surface into a Medium 
at Temperature f (t). Initial Temperature Zero. 

In tins problem tlie temperature v lias to satisfy 

dv __ d^v 
dt ^ 

at a;=0, 
vzz^O when 

Proceeding as in the last article, put 

1 do 
h 'dx 

Then we have the following equations to determine c/) : 

d(j) 9 ^</> 

dt dx^ ' 


<l>=f{t) at i{;=0, 

,j)—0 when (=0. 

These equations have already been discussed in § 23, and 
have seen that 


d>-- 


V' 


2 f” 
/tt },■/■< 






±KfJL‘ 




we 


Hence, as in § 25, 


_ 2h 


Jo J(,/'j-»)/2x/(/f0 \ / 


27. Terrestrial Temperature. 

Observations of the temperature at points near the surface of the 
earth have been carried out at a large number of meteorological 
stations in different parts of the world for many years. These, 
results have established the existence of two distinct phenomena 
of terrestrial temperature. 

The first is that the variations of the surface temperature from 
the heat by day to the cold by night do not affect the tempera- 
tures of points at a depth of more than 3-4 feet, while the 
yearly changes from the cold of winter to the heat of summer 
may be observed up to a depth of 60-70 feet. Below that depth 
the temperature remains practically constant from day to day 
and is not subject to alterations due to the changes at the 
surface. In other words, the heat waves due to the changes of 
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the temperature at the surface die away before they penetrate 
to a depth of more than 60-70 feet, and the heat which is thus trans- 
ferred to the earth oscillates in the upper crust, and while it proceeds 
inwards at certain seasons of the year, at others it ascends and 
radiates into space at the surface. 

However, after we pass the limit at which tlie teinperature is 
affected by these surface changes, and reach the depths at wliicli 
it remains constant from day to day and year to year, there is 
a marked increase in the temperature as we descend. The tem- 
peratures observed at a great number of points at considerable deptli 
and at many different stations leave no doubt upon this phenomenon. 
It has been observed near the equator as well as in the temperate 
zone, and although the rate of increase varies with different places 
and is much greater in the neighbourhood of active volcanoes or 
thermal springs, it may roughly be taken as about 1° F. for every 
50 feet of descent at depths up to about one mile.* This rise of 
temperature was ascribed, both by Fourier and Laplace, to the 
high initial temperature of the earth, this supply of heat being 
gradually diffused outwards, and still to a great extent preserved 
at the centre of the earth. Such an assumption does not require 
that the rate of increase of teinj^erature should be uniform as 
we continue to descend, and other physical phenomena show 
that the interior of the earth cannot be a mass of molten 
rock. 

The periodic changes in the temperature near the surface liavci 
been used by writers from Fourier and Poisson onwards in the 
determination of the conductivity of the Earth, these determinations 
becoming of increasing value in recent years owing to the growtli 
in the number of stations at which thermometric observations have 
been made. 

Since these daily and annual variations of surface temperature 
are noticeable only at points comparatively near the Earth’s surface, 
the problem may be simplified by neglecting the curvature of the 
Earth and supposing the surface to be the plane x=0, which is 
subjected to a periodic change of temperature. This problem has 

* Some authorities now regard fclio average as uioro nearly TF. fur every (JO feet 
of descent, or even 1°F. for every 70 feet. Cf. Sollas, The Aye of the Earth and 
other Geological Studies, 1905. 
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been discussed in § 21,* and the temperature at the depth x below 
tlie surface was found to be 

cos ( 2 ^) *■— ei) 

cos (2wt-^(^'^x-ei'j + ... , 
wlien the surface temperature is 

V - I cos (ff)/* — ~\~A.2 cos ( 2 (f)i^ — ^2) “!"*•••• 

It is true that the temperature at the surface of the Earth depends 
not only upon the time, but upon the position of the place of observa- 
tion, and that the constants Aq, Aj, ... will be functions of the posi- 
tion of these points ; but, if a comparatively small portion of the 
surface is considered, the temperature over this may still be supposed 
dependent only on the time, and the general principles under which 
the periodical surface changes arc transmitted into the interior and 
there die away will be fully illustrated by the solution in this form. 

Thus the theory shows that each partial wave is propagated 
with unaltered period inwards ; that the amplitudes of the waves 
of shorter period diminish more rapidly than those of greater 
period ; and that they also have a more rapid alteration of phase : 
wliile, on the other hand, the velocity of their propagation is smaller 
in the ratio of the square roots of the periodic times. It follows 
that the periodical variation takes a simpler form as we descend, 
where the partial waves of smaller period become more rapidly 
negligible, so that after a certain depth the principal wave with 
the largest period and greatest amplitude will alone be found : 
while at a still greater depth this will also have become negligible 
and the temperature will have become constant. The depth at 
which the amplitude of the yearly variation is e.g. O-l will be about 
19 times greater than that at which the corresponding amplitude 
for the daily variation will occur, since 

gives the ratio of the depths and T'—SbST. This result, it will 
be seen, agrees with the temperature observations which have 
shown that while the daily variation is not noticeable after a depth 


*Soo also Bouasinosq, lor.. ciL, T. I., pi). 210-228 ; and papers in Bui. aci. math., 
Baris (Sor. 2), 89, 1915. 
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of 3 or 4 feet, the annual variation may be traced to a depth of 
60 or 70 feet. 

These features of the problem were all noticed by Fourier and 
Poisson, to whom this discussion is due. The simplest application 
of the solution to the determination of the Conductivity of the Earth 
at different places on its surface will be found in Kelvin’s paper on 
The Eeduction of Observations of Underground Temperature.” 
The substance of the Earth is taken to be a homogeneous mass of 
such rock as we have on the surface at the place of observation, and 
the values obtained for the conductivity are to a very considerable 
extent affected by the nature of the soil or rock in which the ther- 
mometers are imbedded. The data are the temperature observations 
at places on the same vertical and at different depths, these observa- 
tions extending over a considerable number of years. In Kelvin’s 
memoir, Forbes’ Edinburgh Observations for a period of 18 years 
were employed. 

These observations allow the mean temperature curve for a 
year to be drawn, and its harmonic components to be obtained. 
In this way we find for the depths at Xi and the temperatures 
and in the form, 

Vi =Ao cos i- ej') +^ 2 ' cos 1- e/j + . .. , 

V,=A,"+A^^ cos(?^f-e/) +A," cos(ij . 2 ") + - • 


But according to the solution of § 24, we have . 

v=Ao+Aje'^^('^^''cQS x—e-y 

' t 




cos 




) 


+ ..• • 

Therefore we should have 


A ' — 4 " 

jHq — XLq , 


Ml 


A„'=A„e-^('^^)' . 




(S 


^ 2+^71 


' Edinburgh, Trans. E. JSoc., 22, p. 405, 1861. 
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Thus 










2 1 ^'2 

The results ol: tlic calculations of the mean temperature curves 
at (lillercnt depths give values for Aq', Aq, , which vary only 
to a very slight extent. These agree with the theoretical result 
that the mean temperature due to the surface changes should not 
vary as we descend. 

The first harmonic term, or the annual variation, is the largest, 
and observations based u[)on it will therefore be most trustworthy. 
Kelvin found that there was almost complete agreement between 
the values of log /I /-log 4," 


and 




ej — 

X^—Xi 


the two expressions which should each be equal to ^/{irlK)^ the 
unit of time being the year. 

From these results the value of a-, or Jv/cp, was obtained for the 
material at the place of observation. 


(jalculations were also made of the second liarmonic amplitude and epoch. 
Xu this case the dilTorcnt toniporaturo curves for the ditforent years gave funda- 
mental diiTcr(MU‘.CH in the coefficients for the somi-annual period. These 
diH(;repancicH and others in the case of the higher harmonics are not to be 
woudenni at, as tlu*. a(dual state of affairs is not the ideal one which has been 
postulated with regard to the periodical variation of the temperature and 
the material of the Fartli. 


28. The Age o! the Earth. 

We have seen in § 127 that after the limits at which the temperature 
is alhicted by the surface changes are passed, a marked increase 
is observed as the depth increases, and that this temperature gradient 
has been taken, in ordinary circumstances, as about 1" F. for every 
50 feet of descent up to a depth of about one mile. . That this 
gradient might be used to obtain a rough estimate of the time that 
has elapsed since the Earth began to cool from its molten state, 
was remarked by Fourier himself.* 

In the problem, as simplified by him for mathematical treatment, 


* “Kxtrait d’un M6inoiro sur rofroidiHsoinont sdculairo du globe terrestre,” 
Bull dcs sciences par la Bocieta philomatMqua de Fans, 1820. Also (Euvres de 
Fourier t T. 11, (of. p. 284). 
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the curvature of the Earth is neglected and the conductivity (k) 
supposed constant. The surface is taken as the plane x-=0, and 
radiation takes place into a medium at temperature zero ; the 
temperature when cooling began — taken as the time — is 
constant and equal to Vq, He obtained the result given in § 25 
that for large values of t the temperature gradient near the surface 
is approximately VQl'\/{7rKt). 

Kelvin * took the simpler problem of the semi-infinite solid 
bounded by x=0, the boundary being kept at zero temperature, tlie 
initial temperature being constant and equal to Vq. We liave seen 
in § 18 that the temperature at the depth x at the time t is given by 


r 

""■"VttJ, 






dv 




Hence ^ i 

ox yyTTKt) 

When X is small and t is large, this becomes approximately 


V^TT/ci) ’ 

as in Fourier’s problem. 

With the value of k used in Kelvin’s paper (cf. loc. ciL, § 15) — 
namely 400 — the units of length and time being the foot and year,f 
we have ^ 

dx 354 

Taking ^)=7000°F. as a suitable temperature for melting rock, 
and ^=10^, we have 

dx 50*6 

Thus at cc=0, the rate of increase of temperature is 1 in 50*(), 
and this temperature gradient will hold for about the first lO*'*' feet. 
At a depth of 4 x 10® feet, we obtain 


1 

or about ^ It, of a degree per foot ; while at 8 X 10® feet we have 

dv_ 1 

a5“50"6® ’ 

or about ^ degree per foot. 

Since the temperature gradients are inversely proportional to 


* “The Secular Cooling of the Earth,” Edinburgh, Trans. B. Soc., 28, p. 157, 1864. 
t With C.G.S. units this value of k will be ’0118. Cf. p. 8. 
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the Hipiare roots of the times, if: the gradient is at 10^ years, it 
will be j\, at the same depth at 4x10® years; while gradients of 
.1, 1, and 2 per foot correspond to 160,000, 40,000, and 10,000 years 
respectively. We are thns led to the result that, with the approxi- 
mation which our statement of the problem affords, for the last 
96,000,000 yea,rs the rate of increase of temperature underground 
lias gradually diminished from about jh,- of a degree Fahrenheit 
per foot to about and that the time which has been required 
for the transition from a melting state to that in which the present 
gi'adient liolds will be 10^ years. The assumption of a higher initial 
temperature, .10, 000’ ,F., an extremely high estimate, would increase 
the term required to 200,000,000 years. Even allowing for effects 
of higher temperature in altering the conductivities and specific 
heats of rocks, Kelvin held that this investigation justified the 
statement that the consolidation of the Earth, and the time from 
which cooling commenced, could not have taken place less than 
20 million of years ago, or we should now have a more rapid increase 
of temperature as we descend, nor could it have taken place more 
than 400 million years ago, or we should not have so much as is 
re(j aired for the smallest value obtained at present from the tern- 
jierature observations. 

This assumption of temperatures of from 7000 " F. to 10,000’’ F. 
he recognised* to be a liigh estimate for the temperature of molten 
rock, but he adopted it, as lie was most anxious not to under-estimate 
the Age of the Earth, and his wish was to give the largest possible 
limits rather than the smallest. Later experiments upon the 
behaviour of rocks under high temperatures led him to believe that 
these temj)eraturcs are much higher than those required for a 
typical basalt of the ])rimitivc character, and that 1200'’ C. would 
be a fairer estimate. This change from 7000° F. to 1200" C. would 
reduce his estimate of 1 0® years to a little less than 10’, and he seems 
to have been somewhat of the opinion of Kingf that we have no 
warrant in this argument for extending the Earth’s age beyond 
24 million of years. 

The limits of the Age of the Earth given by Kelvin in 1864 
attracted much attention, for the geologists then, as now, demanded 

* Cf. Nature, 69, p. 438, 1895 ; alHo Phil Mag., London (Scr. 5), 47, p. 66, 1899. 

t Amer. J. aS’ci., Newhaven, Conn., 46, 1893. 
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a mucli longer period of time for tlie cooling froin tlu'- nioUxm 
their arguments being based on the visible proccvsses and cffiects 
of stratification. Since Kelvin’s pronoiinceinent mucli disciiHsion 
has taken place between the physicists on the one hand, with, tlu', 
estimates based on the temperature gradient as only one of their 
methods of attacking the problem, and the geologists on the', other.*’" 
And as Kelvin continued to attach much weight to tlie estimate's 
from the observed temperature gradient, the simple :mathemati(‘al 
problem treated above has become classical. However the', dis- 
covery of radioactivity towards the beginning of the twentieth 
century has not only afforded new methods of attacking the prol)l(mi 
of the Age of the Earth ; it may be said to have definitely closed the 
controversy as to the reliability or otherwise of the results obtained 
by Kelvin’s and other allied methods.*!* His paper “ On the Mecular 
Cooling of the Earth ” has now only a historical interest. 

But it is somewhat surprising that physicists attached so mucli 
importance to conclusions where the assumptions made were so far- 
reaching and significant. There can be no doubt that the mathema- 
tical solution of the heat problems involved, based on hypotheses just 
as credible, even before the discovery of radioactivity, would liavt' 
given results widely different from those whicli tlio geologists were 
urged to accept as the only answer to the question at issue. J 

* Of. Woodward (i) “The Mathematical Theories of the l^hirth,” Ami\ric(m 
Association for the Advancement of Science {Toronto), 1889; (ii) “ The (Jontury’H 
Progress in Applied Mathematics,” Bull Amer. Math. Soc., 6, p. 147, 1000. 

t See .Rutherford’s works, Badio-Activity (2nd Ed.), § 271, 1905, and Hadioartirr. 
Substances and their Radiations, §§ 258-260, 1913 j also a little voliiiuo in llarjK'r’H 
Library of Living Thought, entitled The Age of the Earth by A. (191.3). 

At the British Association Meeting in Edinburgh in 1921 a dise.uHsion on “ 'Hu* 
Age of the Earth ” was opened by Lord Rayleigh, wlio, as II. ,1. Strutt, did numt. 
important work on the amount of radium in the earth’s crust and its int(*rnal 
heat. The abstract of his address and the contributions by d. W. (U*ogory and 
Eddington to the discussion will be found in the Brihsh Associatioti Reports (Edin- 
burgh), 1921. Rayleigh’s conclusion is that “ radioactive inothodH of ('Htiniathui 
indicate a moderate multiple of 1,000 million years as the poHsible and probabh^ 
duration of the earth’s crust as suitable for the habitation of living benngs, and 
that no other considerations from the side of physics or astronomy afford arjy 
definite presumption against this estimate.” His address in full ai)pcMirH in Nulurv, 
No. 2713, October 27th, 1921. 

t There is an interesting series of papers by Perry in Nature, 61, 1895, the aim 
of which was to show that other possible internal conditions would give eiiornumsly 
greater ages than physicists had been inclined to allow. This was before^ tht^ 
radioactive properties of minerals entered into tho discussion. lioaviHido also 
made important contributions to the discussion. (Cf. ElectromagneMc Theory, 
Vol. II., Ch. V., entitled, Mathematics and the Age of the Earth, 1899. To sum© of 
these questions we shall return in Chapter XI. (Cf. §§ 99, 1U9.) 


CHAPTER IV 


TllK LlNKAIv\ FLOW OF HEAT. SOIJD BOUNDED BY 
TWO PARALLEL PLANES. FINITE liOD 

29. Introductory. 

In the last chapter we have examined the different cases of 
Linear Flow of Heat when the solid is bounded by the plane x—0 
and is unbounded in the direction of x positive, and we have seen 
that the problems of the Semi-Infinite Rod are reduced to the 
integration of the same fundamental differential equation. In this 
chapter we shall examine the corresponding problems when the 
range of x is limited to the interval 0 and we shall also see 

that the mathematical discussion of these problems may be used 
in the evaluation of the Conductivity and Emissivity. In the 
practical work of the laboratory it is always possible to have the 
rods of so great a length that, when they are heated at one end only, 
the other end remains unaffected by the change of temperature 
due to the application of the source of heat, and the rod may be 
treated in the mathematical statement of the problem as unlimited 
in that direction. Yet .some of the most trustworthy methods of 
obtaining the conductivity are founded upon the mathematical 
discussion of the flow of heat in a bar of short length, both ends 
being subjected to definite conditions of temperature. 


80. Finite Rod. Ends at Zero Temperature. Initial Tempera- 
ture f(x). No Radiation at the Surface. 

Let the origin be taken at one end of the rod, and let the length 


of the rod be 1. 

Then the problem is reduced to the solution of the equations 
dv dH 




{0<x<l) 


( 1 ) 


v=0, when 03=0 and x^l, (2) 

and 'v=f{x), when t^O (3) 
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If tlie initial distribution were 


it is clear that 


v=AnSm-j X, 

j • ^'TT 


would satisfy all tbe conditions of the problem. 

Let us suppose that the initial temperature, /(a;), is a bounded 
function satisfying Dirichlet's Conditions (F.S., § i)3) in the interval 
(0, 1). 

Consider the function v defined by the infinite series 


.(4) 


. nw . 
v=2j^n Bin - j^ xe 

where == || f{x') sin 

This series, owing to the presence of the convergency factor 

, is uniformly convergent for any interval of x, when f. > 0 ; 
and, regarded as a function of it is uniformly convergent when 
^—^0 > 0, being any positive number. (Cf. § 12.) 

Thus the function v, defined by the series (4), is a continuous 
function of x, and a continuous function of t, in these intervals.* 

It is easy to show that the series obtained by term by term 
differentiation of (4) with respect to x and t arc also uniformly 
convergent in these intervals of x and t respectively, l^hus tliey 
are eq[ual to the differential coefficients of the function v. 

Hence 

wt 


dv Ti'^Tr 


Wtt 


Sin J - 


n'^TT^^ 




and 


. 

dx^ 




n^Tf'^ . utt 
K ' a,, sm-^ X e" 




d^v 


when t>0, and 0 < a: < Z. 

Thus the equation a, 2 

ut OX*^ 

is satisfied at all points of the rod, when ^ > 0, by the function 
defined by (4). 

We have now to see whether this function also satisfies the 
Boundary and Initial Conditions. 


* Regarded as a function of the two variabJes a*, /, it is a contimious function of 
{x, t) in the regions 0 a: < Z, i g > 0. (Cf. F,S., § 37. ) 



SOLID BOUNDED BY TWO PARALLEL PLANES 


63 


Since the series is uniformly convergent with respect to x in the 
interval when t>0, it represents a continuous function 

of X in this interval. 

Thus 

Lt ^=the value of the sum of the series when x = 0 

0 

= 0 , 

and Lt v=the value of the sunn of the series when x—l 

X—>1 

= 0 . 

Hence the Boundary Conditions are satisfied. 

With regard to the Initial Conditions, we may again use the 
extension of AhePs Theorem contained in F.S., § 73 I. 

We have assumed that f[x) is bounded and satisfies Dirichlet’s 
Conditions in (0, 1). 

Therefore the Sine Series for f{x), 

. irX . 27rX 

a^sin-y + a2Sin—| — h ... , 

converges, and its sum is f{x) at every point between 0 and I where 
f{x) is continuous, and ^{f{x+0)+f{x—0)} at all other points.* 
‘(Cf. F.S., § 98.) 

It follows from the extension of Abel’s Theorem referred to above 
that when v is defined by (4), we have 

lA>v== Lt Va,^^sm , xe 

=/(cc) at a point of continuity 
= |{/(^+^)+/(^~“^)} other points. 

Thus we have shown that if the initial temperature satisfies 
Dirichlet’s Conditions, and is continuous from ir=0 to x^l, while 
/(O) ==/(?) = 0, the function defined by (4) t satisfies all the conditions 
of the problem. 

If the initial temperature has discontinuities, the function defined 
by (4) at these points tends to |{/(cc+0)+/(ic— 0)} as t—>(). If t 


*If /(.'i;) is bounded and satisfies Diriehlet’s Conditions, it follows from F,S. 
§ 93 tliat it can only have ordinary discontinuities, 
t This can be written as 

v=jj /(rr «my-.re ^ ^ \dr\ 

since the series under the integral is uniformly convergent. { F,8., § 70.) 
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is taken small enougli, v will bridge the gap from to 

fix-EO), and the temperature curve will pass close to the ])oint 

It must be remembered that the physical problem, as wc have 
stated it for discontinuity, either at the ends of the rod or in tlie 
rod itself, is an ideal one. In nature there cannot be a discontinnity 
in the temperature in the rod initially. In the physical problem 
we must assume that a sudden change of temperature takes places 
at the instant from which our observations are measured, in the 
immediate neighbourhood of the point of discontinuity or the ends, 
if they are points of discontinuity. The gap in the temperature 
is thus smoothed over. The solution of the mathematical problem 
we have obtained satisfies these conditions, and it may be taken as 
representing the physical problem in this modified aspect. 

31. Some further remarks may be made as to the Lt v, and tlu^ way in 

which the function v {x, t) defined by (4) satisfies the Initial Conditions. 

1. We know that the Sine Series for f{x)^ under tlio conditions stated in tin* 
previous section, is uniformly convergent in an interval (a, /:?), if f{x) is con- 
tinuous in that interval and at its ends. { F.S., § 107.) 

It follows from F.S., § 73, 1., that v{x, t) converges uniformly to f{x) as / 
in that interval. In other words, given tlio arbitrary positive tiuinlx'ir thoro 
exists a positive number r such that 

\v{x,t) -f{x) \ < e, when 0 < / ' - r, 
the same r serving for all points in (a, fj). 

Let Xq be a point within (a, P). 

Then there is a positive number such that 

\f{x) -/(xo)| < €, when \x-Xo \ ' y. 

Take the rectangle in the {x, t) plane given by 

where a r!? ~ ?; < Kq + ?; j3. 

Let (^, t) be any point of this rectangle. 

Then v{x, t) -f{x,) ={vix,t) -f(x)} +{f(x) -/(»•<,)}. 

Therefore \v(x, 1) -/(*„) | < \v(x, l)-f{x)\ + \f(x) -/(»„)| 

< € + € 

, < 2e, when 0 < ^ * r. 

Thus v{x,t) tends to /{ xq), when the point {x,t) moves along any path in 
this rectangle towards (x^y 0). 

On the other hand, if Xq is a point in 0<x<l at which f{x^ -i- 0) and 
f{x^ -0) exist, and are different from /(a^o), all that can be said is that /) 
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tends to H/(^o + 6) +/(:ro - 0)} as ^->0, when the point {x,t) moves along 
the lino x~Xq towards the point (xQ,i). 

II. In the argument of § 30 it is assumed that f(x) is bounded and satisfies 
Dirichlet’s Conditions in (0, 1), so that we can replace it by the Sine Series. 
But our physical intuition tells us that there must be a solution for our problem 
corresponding to any conceivable initial distribution of temperature in the 
rod, and, in particular, for any distribution which is continuous. However 
a continuous function need not satisfy Dirichlet’s Conditions, and in fact it 
is known that there are continuous functions whose Fourier’s Series diverge 
at an infinite number of points of the given interval.* 

Fejdr’s Theorem(F.^., § 101) and Bromwich’s Theorem (F./^.,§73,II.) furnish 
the mathematical demonstration that the series (4) is the solution of our 
problem, when all that is assumed as to the initial temperature f{x) is that it 
is bounded and integrable in the interval 

The proof does not differ much from that given above. 

Since f{x) is bounded and integrable and 

a„ = jl f(x')ain^x' dx', 

CJq ' 0 

it is clear that < M for every positive integer n, M being some positive 
number independent of x and n. 

CO 'W'jr 

Also the series 2 sin -^tx e~ ~ ^ , 

and the various series obtained by term by term differentiation with regard 
to ic or i^, converge uniformly through the region 0 'Sx'Sl, >0, when 
/o is an arbitrary positive number. 

Thus the differential equation and the boundary conditions are satisfied, 
as before. 

Further, by Foj6r’s Theorem, the series of Arithmetic Means for the Sine 
Series for f(x) converges to /{x), if the function is continuous at that point. 

Then, by Bromwich’s Theorem, with the theorem given in F,S., § 73, V., 

Lt v(x, t) =f{x), 

and v{Xft) approaches the limit /(ir) uniformly as ^->0, when x lies in an 
interval in whicli f(x) is continuous. 

If X is an ordinary point of discontinuity of f{x), f{x^ rh 0) existing but 
differing from f{x), Fej^r’s Theorem and Bromwich’s Theorem, show that 

Lt v{x, t) = \{f{x + 0) +/(a; - 0)}. 

i'— ►() 

The remarks in I. as to the way in which v{x, t) tends to its limit, apply 
also to these cases. 


*Cf. Fcj6r, Ann. sci. Me. norm.^ Paris (S6r. 3), 28, p. 03, 1911. 
f Cf. Mooro, Bull. Amer. Math. Soc., 25, p. 269, 1919. 
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32. Finite Rod. Radiation at the Surface. Ends at Fixed 
Temperatures. 

Steady Temperature. 

When the surface is not impervious to heat and the temperature 
of the medium is taken as zero, the equation for the temperature is 

dv^KdH_Hp ^ 
dt cpdx- cpw^ 

with the notation of 19. 

The observation of the Steady Temperature in such a bar, when 
its ends are kept at constant temperatures Fj and Fo, is one of 
the earliest methods of obtaining the relative values of the con- 
ductivities of different solids. 

If we put we have the equations 

(0<x<l) 

r=Fi 5 when x=0, 
f;=F 2 , when x=l, 
and our solution is given by 

where +B 

and F 2 -f I 


Thus 


Fi sinh lUL {I —a;) + F 2 sinh jux 
sinh fil 


Let the temperatures be t?i, ^2 ^3 at the points x^ and 


x^, where 


X^ — ~ X^ X-j^—-Cl» 


Then *^^^*^=2cosh/ta=2n, say. 

t '’2 

Hence c^=n+v'(n®— 1 ), 

a result independent of and F*. For two bars of the same 
perimeter, cross-section, and emissivity, it follows that 

log(«2+V(Wii^-l)) * 

\\KJ log(ni-4-V(ni®-l))' 


*Ci. § IS ; aisci Preston, hoc. dt, §§296-299. 
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33. Finite Rod. Ends at Fixed Temperatures. Initial Tem- 
perature f{x). No Radiation at the Surface. 

In this case we have the equations 
d'o d^v 

(0<a;<?) 

when 2r=0, 
when ar—ly 

and v=f(x\ when /=0. 

As in § 9j we reduce this to a case of steady temperature, and 
a case where the ends are kept at zero temperature. 

Put v=u-\-w, 

where u and w satisfy the following equations : 

fl ^‘7 / 

iO<z<l) 


when a; =0, 
u=V2, wh.mx=l. 


dw dhjo 

di~'^ (0<a:<Z) 

when x—Q and x 
w=f{x)—u, when^=0. 


We find at once that 'u=Vi+{v 2 —t\)xJl, 
and it follows from § 30 that 


= 1 , 


w=^ansm~j- xe r- % 

1 ^ 

where ®«=f £ [/(a;')-(%+(«2— yi)*)]sin^a;'tZa;'. 

Thus 

v=v,+{v,-v,)j+l S- ^-^^^-^^ sin ^ 
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Wiien i-atliation takes place at the surface, the equations 

(0<x<l) 

ct cp c/Ko 
t;==rj, wheii*'r=0, 
v=i\^ \v}ieii.r=Z, 
and when ^ = 0, 


are solved by substituting v—e u, 

where v=Hplcpo>, 

and then using tlie results of this and the next section. 


34. Finite Rod. Ends at Temperatures and ^ 2 (t). Initia: 
Temperature f(x). No Radiation at the Surface. 

In this case we have the equations 


dt ax^ 


(f), when 

v—<p^(t), when x=l, 
nd v=f{x), when t=0. 

Following the general method given at the close of § 9, put 


V=U4-W, 


dt ox- 


«=0, when x—0 and x=l, 
when t=0, 


dw dhv 

(0<a;<0 


w=(p-^{t)^ when a;=0, 
w=(j>^{t), when x=l, 
w=0, when i=0. 


The value of u follows from § 30, and is given by 

2^ - 7nr n ,, . nir 

— sin-yojj /(aj)sm-^: 


. HITT r 


. n-TT , , , 

sm-^x dx. 


To obtain w we may use Duhamel’s Theorem (§9), where th 
solution for the surface temperatures cp^if) and <j>S) is derived fror 
that for the surface temperature and 
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In tHs case the temperature at time t, when the temperature 
through the rod at t=X is zero, and the ends are kept at <^i(A) and 
^2(A) from t=\ to t—t, is given by 

[l- x] 

+ 02 (^ ) ^ ^ WTre ■ “F' ~ sin x"^. 

Hence, when the surface temperatures are (pi{t) and 02 ( 0 ^ 
obtain 

*«=£ t-X)+<p2{\)^^F2{x, t-x)]dx, 

where Fi{x, t—X)=l—y—-'^-e~'‘~i^^‘~’'hm~x, 

0 TT "i 71 L 

^2(^3 X)=y +-2 - cosn 7 re~*'~i ^^^~^^ sin 

^ ' I TT^n I 

Thus 

^ 'W'TT P Ji'tr* . 

-j a?j (0i(X)— (— l)”02(A))dA. 

Therefore, finally, 

2^ r r X/ ‘ f 7 / 

y=l ^ c sm ic j j{x ) sin -j-x ax 


This solution may also be obtained by the method used by Stokes in different 
Potential Problems. 

If we assume that v can be expanded in Fourier’s Sine Series, 


^ . mr 

ZdnSm , d’, 

1 

an is a function of t given by 

j I v{x\ t) dx\ 

i Jo t 

where v{x, t) is the temperature at x at the time L 
Then, integrating by parts twice. 


I «(■»'> <) 


mr , j , 
sin dr 


==^b(0. 0-(- 




Jif 

nhr^Jo 


. nw 

7 >- sin - 7 - x dx\ 
Odf^ I 
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But by our b 3 ?potbesis, 


4 >i{t)=v{ 0 , t), 

t). 


d-v 


and thus the ooeflScient of sin ^ a: in the expansion of which is equal to 
2 p 'd^v . oiT , 


I o^v . nir , j , 

/ ^ ,.,sin-7- a; (lic, 

Jo ux " L 


is given by - o,n + -p- (<^>i W ^ 

Therefore we have to determine from the equation 




P 


71^2 


Therefore we have 

n 71 /o 

where is a constant yet to be determined. 

But, initially, v—f{x). 

Thus we must have f{x') sin^ x'dx\ 


Hence 


2“ . 9^7^ 

v — Y^mx~Y^e ‘ 

i I V 


Jo 

2kit^ . mr 


I f(x')sm^x' dx’’ 
10 I' 


^ iUX.) -( - 1)«<WA)) d\* 


35. Neumann’s Bar Method of obtaining the Conductivity and 
Emissivity. 

In his paper, Tiber das Wdrmeleitungsvermdgen von Eisen und 
Neusilber,'f Weber describes a series of experiments which he con- 
ducted on a method suggested by Neumann in his lectures. The 
idea of this method is the same as in that of Angstrom, but in this 
case both ends of the rod are subjected to periodical changes of 
temperature, so that the mathematical solution required is that of 
the preceding article. The end A of the rod AB is kept at tem- 
perature ^ 1 , while B is kept at temperature v^ for the interval 
i=0 to t—T, Then A is kept at v^ and B at from t^T to 
^=2r ; and this is repeated indefinitely. When this series of 
surface temperatures has gone on for a sulSEicient time, the dis- 
tribution of temperature in the bar approaches two limiting states, 
which continually repeat themselves, the one belonging to the even. 


* Of. Mollisou, Mess. Math., Cambridge, 10, p. 170, 1881. 
t Ann. FhysiTc, Leipzig, 146, p. 267, 1872. 
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and the other to the odd period. Both of these are independent of 
the arbitrary initial distribution of temperature, and this may be 
taken as zero throughout the rod. 

In §§33, 34 we have seen that the temperature at time i in a 
rod of length I whose ends are kept at i\{t) and while the initial 
temperature of the rod is zero, and radiation takes place into a 
medium at zero temperature, is given by 


Ho 


27 r/C^ -(/C— 

'y ^ ^ nsin 

where K^Kjcp and 

In Neumann’s Problem 


v = S[j}lcp(jOi 


and 


0i(i)=% when 2rr<i<(2r+l)T, 
(l)^(t)=V 2 when (2r+l)T<^<C(2r+2)r, 
cl)^(t)=v 2 when 2rr<i<(2r+l)T, 

when (2r4*l)T<^<(2r+2)T. 
r being zero or any positive integer. 

Thus at the time t =2rT +t\ (0 < < T) 

/CT nT f2r2’+t' • \ 

\ J 0 JT j 2r(P / 

n.2—2 

where Vn 


— r*'- 

Therefore ^=^1- ^ “ (%“~(~ ^ sin ^ ^ 

f' I Pn ^ 




2/C7r >r“^ / 1 \n\’ ^TT 


A—Pnt — Q—Viit' 

_ -«-^"‘+(i+(-i)”)Tq^V^+ 

and in the limit, when t becomes very great, this expression for 
the value of v at the time t' in the even period becomes 
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In the odd period we obtain, in the same way, for the approximate 
value of V, 


^ 2 ) sm 

^ 1 ifn ^ 


'( 1 + (-!)-)- 


p-Vnt' 

± -l^(^l)n+l 

Thus at the time t from the commencement of one of the even 
periods, 

9 


+ K+^ 2 ) 2 


2n+l . (2^+1) TT 
sin X 

1 P‘l}i-hl ^ 

2 mr 


-X-. 


S/cTT / \ -vpx n 

and at the time t from the commencement of one of the odd periods, 

iKir / , n . 2 w 7 r 

«= — («!—%) 2 ^ ~ sm — X 


P 


'Tin 


, ^/CT, . ,5^2w+1 . ( 2 w+l),r 

+ K+%) S •:;r^ — - 1 a; 


V T-ln+l 


I 


I ^ * 29^7r 

+ -W 2 iT" ^ ^ 

^ 1 rtn 


where we have dropped the accent from t' and simplified the series. 
These two expressions may be still further simplified, since 


n 


sinh /ao;— sinh ju (l—x) 47 r 

2sinh/>tZ ^ 


and 




+ M' 


. 2 'yh 7 r 
• sin -j- ^ 


sinh /xcc+si nh // {l~x) __ 27 r ^ 

2 sinh ]ul ~1F V (2n+ 1) 


2nH-l 


i*n 


- sin 


X- 


Putting jui^=pl/c, we have 

-sinh^ic+sinh//(Z— a;) 4/c7r^ n . 2 n 7 r 

2sinhuZ -j-^=U, say, 


I yU& 

sinh,aa;+sinh^(Z-a;) 2A:7r^2w+l . (2^+1^ 

2 sinh :irT7“^ — 1 — ^^-y- 


since 

and 


V Tin+l 

Tzn=x^ ■ 


Tin'll ^ 


P 

( 2 w+l)V^ 

P 
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( 1 ) 


Therefore, for the even period, we have 

/ \ -TT I / I \ T7 S/cTT f . n . e 

^={'0-%) tZ+K+Wa) V . — ^ V — sm-p-a:.r— 

and for the odd period, 

V=— (Vi—V^) U + (%+ Va) F + -p- (%- V 2 ) ^ — sm — • 

( 2 ) 

We shall now show how from the equations (1) and (2) we can 
obtain the values of H and K, 

1 


Since 


U=0 at x=ll and V= 


"2 cosh ^julV 


and the other terms vanish, the temperature v^i, at the middle 
point of the bar, remains constant and equal to 

2cosh|//Z* 

Therefore 0 = ]log (a+V(a2~l), (3) 

where 

A simple way of obtaining another relation between the two 
unknown quantities is to take the difference of the temperatures 
at £r=Z/6 and a:=2Z/3 at any instant. For these points the terms in 
which n is a multiple of 2 or 3 disappear from the series in the 
expression for the difference of the temperatures, and this series 
is so rapidly convergent that we may neglect the term for n=5 and 
those which follow. 

Thus, with this approximation, the difference of the temperatures 
at these two points at the time t after the beginning of one of the 
periods takes the form 

M— 

where p=K-j 2 + v, 


and M, N do not vary with t during the interval. 

Let the differences of the temperatures at these points at the 
times ^i+/S, and be d^.d^, d^, and d^. 

Then cZi — (^2 

dj;~-d2'=N{e-'^^-e-^i^)e-P^ 
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Therefore 




and 


4^2 

■ 


— log (C?3L d^) log (<^i - 


~d'). 


.(4) 


These two equations (3) and (4) are sufficient to determine K and H. 

36. Finite Rod. Radiation at Ends into a Medium at Zero 
Temperature. Initial Temperature f(x). No Radiation at the 
Surface. 

In this case the equations for the temperature are 



dv dh) . . 



(1) 


o' 

II 

o 

II 

+ 

c§lc§ 

1 

(2) 


— O at x=ly 

dx 

(3) 

and 

v~f(x)j when t~0 

(4) 

The expression 

cos ax-\-B sin ax) 



satisfies (1). 

It also satisfies (2) and (3), provided that 

— (xB-\-}iA. ==0j 

and a{B cos al—A sin al)+h{B sin al+A cos al)=0. 

A^B 

a h 

2ah 


From these we obtain 


and 


tan al=- 


Hence the expression 

4. 


a2-A2* 


.(5) 


h 


cos ax-\-- sm ax je~ 
a / 


tan (d- 


satisfies (1),- (2), and (3), where A is an arbitrary constant and a is 
any root other than zero of the equation 

2ha 

To form an idea of the distribution of the real roots of (6), it 
is only necessary to note that they correspond to the abscissae of 
the common points of the curves 


_ 2 

^ tan ^ 

where we have put al—^. 


and ?7=r 


ija 

u 
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The second of these curves is a rectangular hyperbola, whose 
centre is at the origin and whose asymptotes are 

'hV 


^=0 and rj- 


If this hyperbola and the cotangent curve are drawn, it is clear 
from the figure that the positive roots lie one in each of the 
intervals (0, tt), (tt, 27r), ... , and the negative roots are equal in 
absolute value to the positive ones. Also there are no repeated roots. 

Further, it is clear that (5) cannot have a pure imaginary root ib. 
Since we would have 

ta.nhlb+~j^^=0. 


which is impossible as both terms are of the same sign. 

Also we shall see later* that it cannot have an imagmaiy root 
of the form ; therefore its roots are all real. 

Let us assume that/(cc) can be developed in an infinite series 


f{x)=:A,X,+A,X,+„,, ( 6 ) 


where Z^=cos anX -\ — sin 

an being the nth positive root of (5). 

Then the solution of our problem is 

(7) 

1 

The possibility of the expansion (6) and the question of the 
validity of this solution will be referred to again on p. 182, but 
if we assume that such an expansion exists, and that we may 
integrate the series term by term, the value of the coefibcients may 
be obtained in a similar way to that in which the coefficients in 
Fourier’s Series, with similar assumptions, may be found. 

This depends upon the fact that 

I XniXndx=:0, (m=|=n) 

Jo • 

which we shall now prove. 


* Cf. p. 78. 
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Since 

and 


^^"+aA= 0 , 


d^Xn 
dx^ 

X,„X,^dx-- 


■aJXn=0, 


{ah?—a,^)[x,,iXdx= {. 

Jo Jo \ 




ib? 


Y d'Xn y 


dX, 
‘ dx 


dx^ 

“i« 

I?, 

-0 


But 


when x=0, 

and 


when x==l, 

whatever positive integer r : 

may he. 


Ttus 


X'))iX>)idx — 0, 

• and, when m is not eq[ual to 

n, 



1, 

X.'ffijX'n dlT/— 0* 

3 

To obtain 

the value of J* 

XnHx, 

we note that 


i 

II 

, 

> 

0 » dx^ 

Thus 

1 

II 


But 

II 

d 

nCosanX-i-h siu a-iiX, 

and 



dx 

-otjisin anX-\-hoos a^^x. 

Therefore 


'\dx/ 


and 

a/f X,j^dx-\- 
Jo 

o 



But we have seen that 




“ i 
0 
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Therefore . 

+i*iZ ^=05 when x=0, 
+AZn~0, when x—L 


But 

and 

Therefore 

and 


dx 

dXn 

dx 


z/^”=-7iZ„2, when x=l, 
Z„^‘= hXn^ when *=0. 


But 

Therefore Z„^=l, both when x=0 and x—l. 

dX,pi 


Thus 

and 


[■ 


Y 


=-2h 


Jo 


J 0 


Hence, if we assume the possibility of the expansion and that 
we may integrate term by term, we have 


An\'Xn^dx=\'f{x)Xn 
Jo Jo 


dx 


and 
Thus 

CO 

^ = 2^1^ ^-KanH [' 


An- 


2a 


2 rl 




^J(x)Xndx. 


!/<*> 


We stated above (p. 75) that the equation 


tan al= 


2ah 


cannot have an imaginary root of the form o±i6. 
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If this were possible, we would have two conjugate roots a±ih, 
and these would give the two expressions 

X = cos aa? + - sin ax, 
a 

Z' =cos a'rr +4 sin ax, 
a 

where a=a+i& 

and a—a—ih. 

Now we have seen that for any two unequal roots of (5), 

^X',^iX^^dx=0, 

and this applies also to X, X\ so that 

[xTAx^{). 

Jo 

But dividing X into its real and imaginary parts, we have 

X=^E+iS 

and X'=R—iS, 

so that we would have (R^+S^)dx=0, 

JO 

which is impossible. 

Thus we see that (5) has only real roots. 

If radiation takes place at £c =0 and x=l into media at temperatures 
and V 2 , the problem can be reduced to the above as usual by 
putting v=u-\-w, 

where is a function of x only which satisfies the equations 

g=0, {0<x<l) 

d/ut 

— ■yi)=0, when x—0, , 
du 


and 


-^+h(u—Vz) =0, when x=l; 

and M is a function of x and t which satisfies the equations 
dw dho 

—^+Jiw=0, when a=0, 

— -f Am;= 0, when x~l, 
and IV =/{«) —u, when t=0. 
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The problems where one end of the rod is kept at a constant 
temperature, and radiation takes place at the other end, or when 
one end is rendered impervious to heat, may be treated in the 
same way.* 


37. Application of this Solution to the Determination of the Con- 
ductivity and Emissivity-t 

In the case of radiation at the surface of the rod into a medium 
at temperature zero, the solution may be deduced at once from 
that of § 36, and is given by 

1 

and Xn having the values of that article, and v being equal to 
Hpicpco. 

Neumann showed that this result may be used in ’ determining 
the values of the thermal constants. His method requires the 
measurement of the temperatures Vq and Vj, when x=0 and x==L 

Now Z.H=cos anX+— sin anX, 

an 

and thus Xn=l, when 33=0. 

Also we have seen that Xn^=l 


when £r=Z. We proceed to determine the sign of Xn- 


Since 


But 

Hence 

Thus 

and 

where 


tan cLiJj- 


Xn 




an 




On 






\an 

• 7 

-sma,^ 


^ sin a, J 


2a, lA 

0 < aji! < TT, 

TT •<] 2'jr, etc. 

^n=(— 1)”~^ when 35=2. 

^n-^Ka^+v. 


* Of. also § 85. 

■j* Neumann, ,^4??/%. cMm. phys., Paris (S6r. 3), 66, p. 183, 1862. 
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As /3n increases with if / is chosen large enough, we shall obtain 
a close approximation by using only the first term in each of these 
series. 

On this understanding 

and - 2 ' ('^ 0 '“'^/) 

In Neumann’s experiment he first heated one end of the bar 
by a flame, and then allowed the bar to cool by radiation. After 
some time he began to take observations of Vq^LV/, at equal intervals. 
These readings showed when the temperatures began to obey the 
law given above. By this means the constants /3i and found ; 
and thus two equations are obtained from which the con- 
ductivity and emissivity may be determined. However, as the 
values of and a 2 involve Ji, this calculation has to proceed by 
successive approximations and is somewhat complicated. 

A simpler method is obtained by observing also the temperature 
at the middle point of the bar. 

When 

Ji 

Z„=cos^a„ZH — sin.iaj. 

But tan anl= • 


It follows that tan^aj is equal to hjan when n is odd, and to 
- a^/Zi when n is even. 


Thus, for 


x=il, . 


Xn=cos ianl(l + — tan ia 

\ CCn 


Thus 


-T — . , when n is odd, 


COSi 

=0, when n is even. 

v^i ^ 


^cos Jai Z ^cos Z ~ ’ 


and to our approximation 

'^Q+'Ol 




=cos JajZ. 
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From this result we find ; then 7^ follows from the equation 
tan-|aiZ= , 

Ui 

and 02 from tan . 

Also + 

/32=/ca2^+i/ 

give • K and v, 

so that the values of the conductivity K and the emissivity H 
may then be found. 

38. Equation of Conduction in a Thin Wire heated by an Electric 
Current of Constant Strength.* 

The equation for the temperature in a thin wire along which 
an electric current of constant strength is flowing was given by 
Verdet in 1872. f For some time little use was made of this method 
of heating the metal, although it has several obvious advantages. 
In the first place, the electrical measurements can be made with 
such accuracy that it is found possible to arrange the experiments 
so that the difference of temperature along the wire will be small. 
The error due to the neglect of the change of the Electrical Conduc- 
tivity, and also, though not so marked, of the Thermal Conductivity, 
is thus avoided. Further, it is of importance that the same method 
of heating the wire should be employed in the cases when the 
temperatures to be examined are widely different, and that the 
two conductivities — electrical and thermal — should be obtained by 
simultaneous experiments. By using the equation of conduction 
in this form, the question raised by Wiedemann and Franz,:!; as to 


*** Verdet, Thdorie M6canlqm de la GhaUur, T. IL, p. 197, 1872. 
i‘ Alternating currents have also been used in this connection. Several important 
papers may bo referred to : 

Oranz, Zs, Math., Leipzig, 34, p. 92, 1889. 

Ebeling, Ann. PhysiJc, Leipzig (4. P.), 27, p. 391, 1908. 

Weinreich, Zs. Math., Leipzig, 63, p. 1, 1914. 

The last-named memoir contains a valuable account of the literature on this 
subject, and the variation of the temperature over the section as well as along the 
length of the wire is taken into consideration. 

Ann. Physik, Leipzig, 89, p. 407, 18.53. 
o.c.ir, , F 
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the ratio of the thermal and electrical conductivities, has been 
again examined, and it has been shown that the ratio is not so 
nearly constant as was at first supposed. 

We shall first find the Equation of Conduction, and then show 
how the Steady Temperature and the Variable Temperature in 
such a wire have been used to determine the Electrical and Thermal 
Conductivity of the metal. 

Let the wire be of length Z, and let K, c, p, and H be its thermal 
conductivity, specific heat, density, and emissivity. Let i be the 
strength of the current, and cr the electrical conductivity, i.e, the 
reciprocal of the resistance per unit cross-section per unit length. 

Consider the element of the wire contained between the sections 
distant x and x+dx from one end. 

The rate of gain of heat in this element from the flow of heat 
over the sections at x and x+dx is ultimately 




(0 being the area of the cross-section of the wire. 

The rate at which heat is lost at the surface of the element is 


H{v—Vq)p dxy 

p being the perimeter of the cross-section, and Vq the temperature 
of the surrounding medium. 

The rate of gain of heat due to the current i is 

— dx. 
cecT 

The total rate of gain of heat is therefore 
This must be equal to wcp ^dx, 


aud therefore the equation of conduction is 


dh) Hp. 


dt 


Writing 


K 

'op’ 


cp dx^ cpoo^^’ 


dv 


Cpoo 

dH 


and 


Cpco^cr^ 


this equation becomes 
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39. The Steady Temperature. Kohlrausch’s Method of obtaining 
the ratio of the Electrical and Thermal Conductivities. 

Kohlrauscli* has shown how the Steady Temperature may be 
employed in finding the ratio of the electrical and thermal con- 
ductivities. 

The ends of the wire are kept at as nearly as possible equal tem- 
peratures. The surface is supposed rendered impervious to heat, 
and the current i is supposed to have been flowing long enough 
to allow the steady rate of temperature to have been reached. 

In this case the equation of conduction becomes 


or 


K (Pv 

Cp Cpca^cr 


=0 


if 




Let n be the potential at the section x, 

du 


Then 

But 

Therefore 




dx' 


and 


dv 

dv du 

dx~~ 

d u dx' 

dv 

i dv 

dx^ 

ooar du 

d^v 

d^v 

do^ ™ 

du^ 


Therefore we have 


Kdy 

CT du^ 


+ 1 = 0 . 


Thus 




.( 1 ) 

.(2) 


where A and B are constants determined by the temperatures 
at the ends. 

Let (Wi, tJj) (^2, 1)^ and ^’3) be the values of u and v at any 
three sections of the wire. It follows from (2) that 

2 K 

[Vi (Ms -M3) +Vz{U 3 -Uj)+V 3 (m-i -Mj)] =(U 3 -M3) (M3 -Mj) (Mj -Mg). 

(3) 


* Kohlraiiach, (1) Berlin, SitzBer. Ah. Wiss., p. 714, 1899 ; (2) Ann. PJiysik, 
Leipzig (4 P.), 1, p. 132, 1900. 

Seo also Czcrmak, Wien, SitzBer. Ah. Wiss., 103 (II^), p. 1107, 1894. Duncan, 
Papers from the Department of Physics, No. 11, McGill University, Montreal, 1900; 
and Weinreicli, loc. cit, p. 4. 
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When the temperatures at the ends of the wire arc kept the same, 
the distribution of temperature in the wire will be symmetrical 
about its middle point. Let the points % and be at equal distances 
from the middle point on either side. 

Then 

and 

Therefore we have from (3) 

N 1/ N2 

(T ^ 

and we have thus obtained a simple method of determining the 
value of the ratio Kjcr of the Thermal and Electrical Conductivities, 
involving only the reading of the difference of the temperatures 
and potentials at two points of the wire, when the current is so 
regulated that the temperature of the wire is steady. 


40. The Variable Temperature. 

The variable temperature of a wire along which a . constant 
electrical current is flowing, while radiation takes place at the 
surface, has also been used in determining the thermal and electrical 
constants. The following investigation is due to Straneo.* 

We have found the equation of conduction (§ 38) in the form 

dv . 


where 



Cpco 


and 


Cpco^cr' 


Suppose the temperature of the medium into which radiation 
takes place to be zero, and that 


'y=0, when ^=0, (0 < cc < Z) 

^=0,whena:=0 and 
are the initial and boundary conditions. 

To integrate the equation of conduction, we proceed as usual 
to break up the problem into one of Steady Temperature and one 
of Variable Temperature. 


* Straneo, Moma, Rend. Acc. Lincei (Ser. 6), 7, Bern, ii,, 1898. t 

See also: Schaufelberger, Ann. Physih, Leipzig, (4. F.), 7, p. 589, 1902 ; and 
Weinreich, loc. cit. 
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Put 

where u is independent of the time and satisfies the equations 




■w=0 at 03=0 and x==lj 

and w is a function of x and t which satisfies the equations 


dw 

lit 


d^w 1 


t=6[l 


j 


w=0 at 03=0 and x=l 
w=^—u at i{=0 

The value of u is obtained immediately in the form 

sinh />c 03 +sinh jui{l— xy 
sinh /ul 

where ^==^(X//c) and 6=a/A. 

This function may be expanded in the Sine Series 

^Ansm~^x, 

where An==0, when n is an even integer, and 

j « , ‘V 

nTT 

when n is an odd integer. 

With this value of u the solution of the equations for w follows 
immediately, and we have 


W=^ — 2j^n sm —03 6 


I 




or 

46^- 

t(;= > 


. (2w-l)7r 

m Yi ^ JK 6 . 

’r,f^l(2»^-i){(2tt-l)V + V}’' * 




!• 


Therefore 

sinh /xx+sinh /x(^— a^)~ | 
sinh /ul J 

46 ^ P/u^ 

(2w-1){(2»i-1)V2+ZV'} 




sm- 


In 4>plying this solution we note that the coefficients of the terms 
in the series for w diminish rapidly, and when a =1/3 or 21/3 the 
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second term in w is zero. Hence to a close ap])roxiination the 
value of V at these points is given by 


TT 


Let observations be made at the point x^\l at the times L, 
and ^33 where 

Let the temperatures be ^ 2 ’ ^3 respectively. 




K yo'+X )t, 


26V3 


X 







Also take the value of the steady temperature at the middle point 
of the wire, viz., 

v,=b( l—J—) (3) 


COshiyxZ/ 

These three equations determine the values of k, A, and cr. For 
from ( 1 ) we find the value of /c-p-+A. 

Inserting this in ( 2 ) we have an equation giving the value of /<, 
and with this value of // from (3) we find b. 

But a=-^- , ( 4 ) 

cptoV ^ ’ 


M=\/(V«') (fi) 

Therefore, /x being known, we have from ( 1 ) and ((i) the values 
of K and A, and h being known, the value of o- follows at once from 
(4) and ( 6 ). 

In the actual experimental work this process was reversed. 
The wire was first heated by the current till it was observed that 
the steady temperature had been attained. The current was tlum 
cut off and the wire allowed to cool, the ends and the surrounding 
medium being still kept at the given constant temperature. 

With this arrangement the steady temperature u is given as 
before by 

it—lfl sinh /xas+siah a:) \ * 

V sinh;uZ /’ 
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and the variable temperature v is determined by the equations 

dv d^v . 

^=0, when and x=l, 


and 

v=Uy when t=0. 

Thus 



(2n-l)x 

Then, as before, we find 



and 

11 

O 

o 


The values of /c, X, and cr follow as above. 


CHAPTEE V 


TWO-DIMENSIONAL PROBLEMS 

41. Introductory, 

In the last two chapters we have been examining diilerent cases 
of Linear Flow of Heat. In these the temperature lias been dcjien- 
dent only upon the time and upon one geometrical coordinate. Such 
problems may be referred to as one-dimensional. We proceed 
to the discussion of cases in which the flow of lieat takes place in 
parallel planes. If these planes are taken parallel to the :n/ plane, 
the temperature will depend only upon x and y, if it is a case 
of steady temperature, or upon x, y, and t, if we are dealing 
with variable temperature. We speak of these problems as two- 
dimensional. 

The first problem in the Conduction of Heat discussed in detail by 
Fourier in his treatise, is that of the Steady Temperaturi) in tlu) 
Infinite Sohd bounded by the planes a;=±| 7 r, iy=0, and (i.x tending 
to infinity in the direction y positive. The boundaries ;r - -= ± | 7 r are 
kept at zero temperature, and the base y—0 at temperature unity. 
His discussion led him to the expansion of unity in the interval 
— ■< a: <! Jtt in the series 
4 

—{cos x—\ cos 3a3-|- cos 5x — ...},* 

and he then proceeded to consider the question of the development 
of an arbitrary function m trigonometrical series, and obtained 
the expansion now known as Fourier’s Series. He was thus able 

* The series ^ {cos a: - ,1 cos 3x + 1 cos 6a: - ... |- 

may be obtained in the ordinary way as the Cosine Series iovf{x)t when 
f{x) = l, (0<a:<|-7r) 

/W==“l- (i-7r<a;<7r) 

b’8 
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to give the distribution of temperature in this solid, when the base 
is kept at the temperature ' 0 ==f{x)^f{x) being an arbitrary function 
of X, while the faces x= dz| 7 r are kept as before at zero.. 

42. Infinite Rectangular Solid. Steady Temperature. 

Instead of taking Fourier’s Problem in the form which he adopted, 
we shall take the solid as bounded by the planes x=0 and x—ir, 
which are kept at zero temperature, and the plane y=0, which is 
kept at the temperature v~f{x). We assume that the function/(a;) 
is bounded and satisfies Dirichlet’s Condition (F.S. § 93) in (0, tt). 
Idle equations for the temperature will thus bf^, as follows : 

■v=0, when a;=0 and x^rr, 
and • (0 < cc < tt) 

Also wo have Lt (v) =0. 

//—yee 

Starting with the Sine Series for/(cc), 

% sin x+a^ sin j 

2 

whore a«=-- /(*') sin nx' dx', 

ttJo 

lot ua examine the function v defined by the equation 

sin sin 2a;+... . 

Since /(a;) is bounded and integrable in (0, tt) and 

2 f”’ 

«»=- f{x')Bmnx' dx', 

TTJO 

then |a„|<2M, where |/(a:)|<ik? in (0, tt). 

Also I K „ sin nx when y ^ j/o > 0, 

?/o being an arbitrary positive number. 

cc 

Now the series 

1 

is convergent and its terms are independent of x and y. 

Thus the series 'y“.(/.ie‘"^/Hmjr+a2e~2^sin2a?-f ... , (1) 

regarded as a function of x, is uniformly convergent for any interval 
of X, wlien ?y > 0 ; and, regarded as a function of y, it is uniformly 
convergent when y 2/0 > 
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The same is true of the series obtained by term by term differentia- 
tion of (1) with respect to x and y in these intervals. 

Therefore 


and 


d^v 

df- 


sill ma:. 

1 


Hence 


dH d^v 


= 0 . 


Further, since (1) is uniformly convergent in the interval 0 : x tt, 
and the sum of the series vanishes when x==0 and a;— tt, the limit 
of -y as a; approaches these values is zero, y being positive. Thus 
the boundary conditions at the faces 03=0 and 03=7r arc satisfied. 

We have assumed that f{x) is bounded and satisfies Dirichlct’s 
Conditions in the interval (0, tt). 

Therefore the Sine Series 

% sin 03+^2 sin 2o3+... 

converges, and its sum is f{x) at every point between 0 and tt at 
which /(a?) is continuous, and|-{/(o3+0)+/(o3— 0)} at all other points. 
It follows from F.S. § 73, 1.* that, if v is defined by the series (1), 
Lt v=f{x) at a point of continuity 

y —>-0 

=i{/(®+t*)+/(a:— 0)} at all other poiiitH. 

Thus 

1 

is the solution of our problem. 

This may be written 
2 

v=- 
TTjo 

since the series under the integral is uniformly convergent. 

Ex. If the solid is bounded by the pianos a;™0, and which 

are kept at zero temperature, and y--0, which is kept at temperature f{x), 
show that 


e-ny 


(,~7iy j 


t; 2 I 

a I . , UTTy 

smh — 0 
a 


. rnr .. 


. niT , j , 

sin X dx\ 

a 


and discuss the other three cases in each of which three of the boundaries 
are kept at zero temperature and the fourth at an arbitrary temperature. 

Cf. Byerlj?-, Fourier's Series and Spherical, Cylindrical and Ellipsoidal 
Harmonics, pp. 102-104. 


* The argument of F.S. § 73, II. also applies to this question. Cf. above, § 31. 
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43. Base at Temperature Unity. 

In the solution of § 42, put/(a;)==l, and we have 


2^1 — cosnTT 

2^ ^ 

TT 1 n 


Therefore 


sin sin 3x+.,. 


-the imaginary part of 



In /I — sin x\ 


1 , , / sin a; 

=x-tan"'^( — 


r sin x\ 

’ \ 1 —2e-'^ cos ir + ) 


Vsinh y) ' 


Thus 


2 

: 1 
TT 


, , / sin a; \ 

tan-M' .--n — V 


Vsinh 

The conjugate function* to - tan~^ (4 ^^ ) is 

1 j cos x+e'~^'\ 

d- u — 2e"“«'/ cos a?+c~ 2 .v/ 


or 


log(???^^±52^Y 

^ Vcosh y—cos xJ 


It follows that the lines of flow are given by 

cosh 'zy+cos x ^ ^ 

— =constant, 

cosh?/— cos a; 

these being orthogonal to the isothermals 


sin a; 
sinh y 


—constant/!* 
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44. The Use of Conjugate Functions in Problems of Steady Tem- 
perature. 

Let f, ?; be real functions of x and y such that 
i+iri=f{x+iy)=S{z). 


* For the definition and properties of conjugate functions see § 44. 
t Of. Fourier, loc. ciL, § 205. 
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Then r] are called conjugate functions of x and y. Also we have 

Therefore 

Sri_^ 

dx~dy 

It follows that the curves ^=constant and >j= constant are 
orthogonal. 

Again, since ^3="^’ 

, d^i dS 

dy^ dx dy’ 

it follows that (^) 

and similarly 

Further, if u is a function of x and y such that 

d'^v If. 



, ,r , 9 ^ S^t) 

we can snow tnat o+^^==-0. 

dx^ dy^ 

^ 1 dv dv di . 9 o dvj 

For we nave ^=57; 

ox 0^ ax Or] ox 

and 

dH^dhfdiV- ^ dH di dn d^vfdnV^ dv d^i dv d^r] 
dx^ di^\dxJ didi] dx dx'^dr]^\dx) dx^^dr] 9i2* 
Similarly 

__ 132^ / 9 £ o dH/drj\^ dvd'^^ dx d'^rj 

'^"Tfd'rj^^'^’^Ad^J '^^df'^Fodi/' 
Adding these two results, and using ( 1 ), ( 2 ), ( 3 ), ( 4 ), and ( 5 ), 
we see that • 

dx^^dy^ 

Thus, if we can obtain a solution of the equation 
d^v d^v ^ 
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satisfying certain boundary conditions at tlie curves 

»7==»725 

this solution in the ^r) plane may be transferred to the xy plane, 
the boundaries being the curves in the xy plane which correspond 
by the transformation 

^+iyi-=f{x+iy) 

to the curves etc., while the temperatures at these boun- 

daries correspond to the temperatures at the boundaries in the 
plane. 

Suppose that we have the case of the rectangle in the ^t] plane 


given by 


-i2, 


V=Vi> V- 

=»72> 

and that 

«=/iW at^=|i, 

bh < >y < > 72 ) 


'y=/2(’/) at^=|2, 

{vi<.v< %) 


S'* V=Vi> 

(#l<^<f2) 


^=^2(^) at n=v2- 

(fl<^<^2) 


The solution of this problem is obtained by breaking it up into 
four cases, in each of which three of the boundaries are kept at 
zero temperature. In this way we find 

a,, sinh + (^n sinh 




(^2—^1) 


sinh 


fe— >yi) 


fa— ’?i) >?i) 

{^ 2 — Vi) 


■ sm 


^ ^ &„smh ■ smh 


sink 


n 7 r(v 2 —Vi) 




where a„, a,/, 6„ , and K' are the coefficients in the Sine Series, 

■f I \— n din 

fa-»?l) ’ 
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Substituting for t] from the relation 

we have the temperature in the region bounded by the curves which 
correspond to i=ii, etc., these curves being kept at the temperatures 
corresponding to/i(?;), etc. 


45. Applications of this Method.* 

I. The Sector of a Circle. 

Consider the transformation 

ITT 




log 


x+iy 


In this case 0, 


and the sector of radius a and angle a corresponds to the region 

0 < >7, 0 < ^ < TT, 

in the plane. 

Thus the equations 

d^.dh {0<i<7r)} 

’ (0<»7) / 



v—0, when ^=0 and ^—tt, 

and 

'y=l, when » 7 = 0 , 

lead to 

d^V d^V A 4.1 4. 

^+^ 0=0 over the sector, 
ox^ oy^ 


^=0, when d=0 and 0—u, 

and 

^=1, when T=a. 


These equations in (^, i;) we have already discussed in § 43 when 
dealing with the Infinite Rectangular Solid, and their solution is 

2 / sin ^ \ 

«=- tan ^ ■ - . 

TT \smh rjJ 

Therefore the temperature in the sector is given by 
2 


tan"" 


sin- 0 


smh.(- log-) 

\ a ^ rJJ 


* Of. Mathieu, Cours de Physique Maih6matique, Cli. III. 
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If the boundary r—a had been kept at v=f{d), the problem 
would have reduced to the solution of the equations 

?)=0, when ^=0 and ^= 7 r, 

and 

IK 

and this has been discussed in §42. 


11. The Circle. 

Consider the transformation 

Then ^=d, ,,=log?, 

and the circle r==a corresponds to the region 

^ ^ <27r 

of the plane. 

Thus the equations 

dh ,dh , . . 

over this region, 

«=/(£)> when > 1 = 0 , i 

d^v d^v 'i 

lead to circle, 

y j 

v=f{0), when r=a. ) 
The solution of (1) is given by 


v='^e-’'''^{a„CQani+bnSha.n^), 

0 

where 

ttJ 0 

1 p27r 

and 6„=-r/(r)sin<C- 

TT J 0 


( 1 ) 

( 2 ) 
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Thus we have 


J e-"’- cos n (f-r))/(f ') di' 

_1 l-e-"” 

~2^Jo 1-26-” cos • 

Therefore the temperature in the circle is given by 


1 f^"' 


17.2 — a *2 


27rJo ' ^ a^—2arcos (6—6')+r^ 


d6\ 


III, Tioo Concentric Circles. 

This may be obtained from the same transformation. The 
solution can readily be found in the form 


where 



sinh^faa—^y) 

sinh^(?72~>;i) 


(c&^cos &„sin n^) 


CO 


+s 

0 


sinhw(;7— ?;i) 
sinhw(»72— )ji) 


(a„'cos n^-l-6„'sinn£), 


/i (f ) =S -i-?>«sin < ), 

0 

00 

Mi)='Ei «cos<-)-6„'sinn^), 
0 


are the Fourier’s Series for/, (^) and fzH) in the interval 0 to 27r. 


IV. Two Intersecting or Non-Intersecting Circles. 
Consider the transformation 




x+l — iy 
x—l — iy' 


Then ^=log 7 ^ ^=0^-6^, 

where and are the distances from the points A (1. 0), B{—1, 0), 
to the point P{x, y), and 9^ are the angles AP and BP make 
with the positive direction of the axis of x. 

Thus ^=constant represents the system of coaxal circles with 
A, B as limiting points, and » 7 =constant represents the system of 
circles passing through A, B, these two sets of curves, as in all 
cases of conjugate functions, being orthogonal. With this notation 
the xy plane is given by — 7r<i;<7r and — oo <|<oo ; the lower 
side of BA is >;=— x; the lines Ax and Bx' are v=0; and the 
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upper side of BA is >j=7r. Also A is the point |=+oo , and B is 
the point oo . 



We proceed to apply this transformation to several cases in which 
the region in the xy plane is bounded by arcs of these circles. 

(i) Consider the region bounded by 

^=^1 and (0 <>/<7r) 

and >;=:7r, (^i<^<^ 2 ) 

as in Fig. 6. 

Let 'iJ=0 over ^==^ 2 ) rj=0, and ?;=7r, 

and over 

sinhn(^2~-^) • 

Then we have i;=;^ a„ sihhF(^#i) 

2 fir 

where - / {vf) sin n»/ cZ>/. 

TT J 0 

It is easy to extend this solution to the case where 
''’=/i(')) over ^=^ 1 , (0<>;<7r) 

over £=^ 2 , (0<.)<7r) 

>1=0, (^i<^<^2) 

v=Fi{i) over )j=7r. (fi<f<f 2 ) 

(ii) Consider the region bounded by the two complete circles 
i=ix and i—iz surrounding the limiting point A. 

Let v=fi{ri) over i—ii, and i;=0 over £=^ 2 - Then the 
solution is obviously 

“ ^-!^|?i:i|(a„cos«.;+6„sinw)?), 
Vsmhw(^2-fi) 

O.O.H. O 
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where 



1 r 

/i ('/) cos d,i', 

TT J — TT 

&«=-! fiW)&mn,i d,/. 

TT J —TT 


Similarly, when v—f^in) over over 


have 




sinhw(^ 2 “^i) 


Jcos ^^y/-l-6„'sin nrf), 


where and are the coefficients in the Fourier’s Series 
in the interval — tt to tt. 

Adding these two results we have the solution for the case of 
the circles and fg temperatures /i( >7) and/2(y/). 

It is clear that if /x(^/) and/2(?7) are constant and equal to and V29 
respectively, we have only to solve the equations 



when ^=^1, 
when ^==^2- , 

The solution is v=Vi( ~ ^ ) + 'y 2 f f — C' ) • 

— br '^b2 Sv 



(iii) Consider tte region boundedjby 

V—rii, (0i<£<<») 
n=>'i2, (0 <#< 00 ) 

i=0, (»;i < >? < ») 2 ) 


as in 'Mg. 7 . 
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(a) Let «=/i(.)) over ^=0, (.)i<>)<>? 2 ) 

'y=0 over (0 <f<oo) 

v—0 over (0 <^<oo) 

Then the solution is clearly 

««®~”^sin ^ — 5ll mr 

1 (»)2 — »li) 

where a„=— ^ — f /i()/) sin wtt (Z>/. (Cf. jF.S., § 98, (7).) 

(j8) Again, let 

over (0<^<co) 

/y=0 over ri=r]2, (0 < £ < oo ) 

^=0 over ^=0. (0<^<oo) 

Suppose in the first place that the point A (f =oo ) is excluded 
by a circle where a is a very large positive quantity, and 

that the part of this circle included in the region is kept at zero 
temperature. 

Then we would have 


’ = Sfl'n 


Sinh^(,;2-.,) 


nTT , 

sin — f, 


. , nir , V a 

smh --~(,72-77 i) 

Cv 


where = | f /aCD sin’-^f cZf . 

a J Q o- 

To obtain the solution of our problem, we must let a tend to co . 
Proceeding as in F,S. § 118, in the case of Fourier’s Integral, put 


nir ^ T A N 

— = X and — = AA. 
a a 


2 f"" 

Then ?;==-" I 
ttJo 

This result might 
iovMi), namely, 


dX 




sinhX(»; 2 -»;i) 

have been deduced from Tourier’s Sine Integral 


- [ (i\ sin [ /a (f) sin Xf ' df. 
TTjo JO 

(y) In the same way, if 

=/s(^)> vrhen i? = (0 < ^ < oo ) 

v = 0, when )7 = ) 7 i. (0<f<3o) 
^! = 0, when £=0, 
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we 




(^) By adding (a), (^), and (y), we find the solution when the 
three surfaces are kept at d=/i(>?), and v=f^{^). 

(iv) Consider the region bounded by 

n=^v 

Let 'y=/i(6 n = vi 

and over n = v«.- 

Then we find, as above, 

”-y’ -fl ‘'f 


4.?-r 

ttJo 


d\ 




I /2(f) cos 

J — CO 


or 


sin]iX(j72— ^7i) 

V. Confocal Ellipses or Hyperbolas, 

Consider t*he transformation 

^ 4- = cosli~^ , 

x-\- iy = c cosh (^-f iy-j). 
x = c cosh ^ cos 7 ], y = G sinh ^ sin 




Then 

and 


yZ 


cosh^f smh^^ 






COS^;; Sin^;; 


Thus the curves |= constant, and >;= constant, are a set of confocal 
ellipses and hyperbolas, and the xy plane is given by — tt < >; < tt and 
0 < ^ <C <» ! the lower part of the mj plane having negative values 
of rj and the upper part positive values. 

(i) Two Confocal Ellipses. 

Consider the region bounded by i—ii and ^==£2. 

Let ^J=/i(>7) over 

v=Mri) over ^=^2. 

Then, as above, 


_^^ 8inhn,(f2-^) 

4'sinhn(£2-fi) 

VsinhwCfa-^J 


(<x„ cos nt] + bn sin iij;) 
{af cos nr} + h„' sin nt}), 
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where a„, 6.„, a„', and are the coefi&cients in the Fourier’s Series 
for and/ 2()j) in the interval — w to w. 

(ii) Two Semi- Ellipses and the fart of the major axis between 
them. 

In this case the region is bounded by 

and £=^2, (0<>j<7r) 

); = 0 and ri = ir. iixKiKii) 

Let ■y=/i(»)) over 

over ^=^2, 

and ^=0 over i;=0 and j; = 7r. 

It is clear that the solution is 


tin 




sinhu,(f2-^i) 

sinh'>i(g-fi) 


sin 11 1; — ;rT. 

sinhii(^2-fi) 

where a„ and af are the coefficients in the Sine Series for/t(>j) and 

hif)- 

(iii) Semi-Ellifse. 

In this case the region is bounded by 

f=0 and ^=^1, (0<)7<7r) 

>7=0 and >7=7r. (0<f<£i). 

Let v==f{f) over i=ii, and let the major axis be at zero 
temperature. Then 

.A . .sinh 1?^ 
i; = ;^a„smii>7^^^, 

where is the coefficient in the Sine Series for /(>?). 

(iv) Comjplete Ellipse, 

In this case we have to satisfy 

d)f ^ ( — TT <C 7r)J 

v=f{rj), when {-w <yi<ir) 

Also there must be no discontinuity in the temperature or the 
flow of heat as we cross the major axis or pass along it. 

All these conditions are satisfied by the expression 

.A ( cosh nP , 7 sinh nP , \ ' 

»=L(».s3ar5j;'=““'’+''”Sh4 
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where and are the coefficients in the Fourier’s Series for /(z/) 
in the interval — tt to tt. 

(v) Quadrilateral hounded by the Arcs of two Confocal Ellipses 
and Hyperbolas. 

This reduces to the rectangle in the plane, and the solution 
follows. 


46. Sources and Sinks in Steady Temperature. 

In the cases of steady motion considered in the preceding articles, 
the supply of heat which maintains the steady temperature is applied 
at the boundaries of the solid. On the analogy of the flow of electric 
currents along thin conducting plates, when the current is conveyed 
to the plate by one electrode, and withdrawn by another, we may 
imagine the steady flow of heat in two dimensions — or the flow of 
heat in thin plates — to be produced by the introduction of a quantity 
of heat at one or more points and its withdrawal at others. These 
points may be called Sources and Sinks of Heat. 

In this case, if we describe a small circle of radiiis r round a 
point at which heat is steadily flowing into the plate, in the limit 
the flow of heat out through this circle must be equal to the flow 
in at the source. Hence the solution of our equation 

must take the form — log + u, 


where is a solution which remains finite as the point approaches 
the source, and m is the quantity of heat introduced there per unit 
time. 

Similarly at a sink the part of v which tends to infinity must be 
equal to ^log r. 

Consider the part of the xy plane for which «/ > 0, and let the 
boundary 2/=0 be kept at temperature zero, while there is a source 
of strength m at (0, y^). 


Then we have 


Iog ^"+(y + ?/o)^ 


4jff TT -f (y — 2/o)^ ’ 

since this expression satisfies all the conditions of the problem. 
It will be seen that this solution is obtained by putting a sink 


TWO-DIMENSIONAL PBOBLEMS 


103 


at (0, —^ 0)5 wMcli will balance tbe source at (0, 2 / 0 )- Indeed 
tbe use of Sources and Sinks in two-dimensional problems of Steady 
Temperature is exactly analogous to tbe use of Images in Electro- 
statics and Hydrodynamics, and tbe reader is referred to tbe dis- 
cussions in tbe books on these subjects for further illustrations. 

It is clear that tbe method of transformation by conjugate 
functions is also applicable in this connection. Since if 


where 

and 


0 + 


m 


loo: 


Z-Z,'' 

Z=X +iY =f{x+iy), 
Zo=Xo+iYa =f{xo+iyo), 
Zo'=Xo-iYo =f{xo—iyo). 


(j>, looked upon as a function of {x, y), satisfies 

— Q 

dx^'^dy^ 

Also 0 vanishes at the boundary which corresponds to 7=0 in the 
XY plane, and is infinite as —— r at the point {xq, y^), which 

ZiJXTT 

corresponds to the point (Zq, 7^) in the Z7 plane. 


47, Variable Temperature. 

In this case the equation of conduction is 

dv (dH dH\ 

and we obtain the solution as in § 16 in the form 




pOO poo 
J — CO J —o 


v'y 




ilx! dy', 


the initial temperature being 

v=f{x, y). 

If the solid is bounded by j/=0 kept at temperature zero and the 
initial temperature is v =f{x, y), when - oo <i,x<i oo and 0<y, we 
have 

To obtain this solution we may suppose the solid continued 
beyond the plane y^O and that there is a symmetrical initial 
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distribution of temperature in tbe added region y < 0 which will 
cause the plane y~0 always to keep zero temperature: that is, 
we take the initial temperature at (x\—y'), {y' > 0), to be equal in 
absolute value but opposite in sign, to that at {x\ y'). 

The question of a variable temperature at the boundary 2/=0, 
or of radiation across it, will be referred to in §§74, 86 and 87. 


CHAPTER VI 


THE FLOW OF HEAT IN A RECTANGULAR 
PARALLELEPIPED 

48. Introductory. 

Several of the methods of finding the conductivity of solids which 
we have discussed in the previous chapters cannot he apphed to 
poor conductors, since the amount of heat lost at the surface of 
the bar by radiation becomes large compared with that conducted 
along the bar, and the emissivity is such an uncertain quantity 
that it is best to have it, when possible, reduced to the rank of a 
small correction. With poor conductors this would be impossible 
in the bar methods. But for the cube, the sphere, and the cyhnder 
the mathematical problem can be solved and its solution applied 
to the evaluation of the thermal constants. In this chapter we shall 
discuss the case of the rectangular parallelepiped. For steady tem- 
perature the solution is given by a rather complicated series, without 
much practical value, but for difierent problems of variable tem- 
perature we obtain results immediately applicable to experimental 
investigation. 

49. Steady Temperature. 

Consider the solid bounded by the planes cc=Cf, x=a;' ?/=0, 
yz=:b ; z=0, z=c. The equation for the temperature is 

We take the following surface conditions : — 

when x==0, 
v=V 2 , when x=a, 

the other faces at zero. 
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and 
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It is clear that the expression 

sinh lx iimry nirz 

— - — - — sin — 7 sin 

smh La b c 

satisfies all the conditions provided that 
Therefore the solution of the problem is given by 


f=2 

m~l »i=l 


sinh l(a—x)+V 2 sinh lx 


provided that ^ S ™ 
1 

But 


sinh la 

miry . nirz 

y - 


nirz 

' r j 

c 


sin - 


00 \ 

^amsin 

1tl~l 


b c 

miry ^ 

T I, 


when 

Therefore 


^ (1— cosmTr). 

^ mir ^ ' 


TT 2)=0(2-0 

where 


Vi sinh l{a—x)+V 2 sinh lx 


,-r, ( 2y+l)^?y ^^ {2q-\-l)-7TZ 


sm 


sinhla (2^?+!) 

l^__(2p+iy , {2q+lf 
^2 ^2 .2 ■* 


(2g+I) 


50. Steady Temperature {continued). 

When radiation takes place at the faces 2 /= 0 , y=h, z=0, z=Cj 
and the faces x^O, x=a are kept at temperatures v^, as before, 
we can obtain a similar solution of the problem. 

In this case the surface conditions are 


v=Vj^ when a;=0, and v^v,^ when x=a\ 
-^^+hv==0, when y=0] -^+A'i;=0, when y — h] 


'““1"+^^'^=^? when 2 ;= 0 ; when 


=c. 


* For a rigorous treatment of this .question it would be necessary to justify 
the term by term differentiation of the double series for v. The same remark 
applies to the other problems discussed in this chapter. 

Of. §§12, 30 above, and Moore; “On Convergence Factors in Double Series, 
and the Double Fourier’s Series,” Trans. Amer. Math. 8oc., 14, p. 99, 1913. 
Also the same author’s paper in Bull. Amer. Math. Soc., 25, p. 274, 1919. 
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The expression 

v,Bmhl{a-x)+v, B mh U ) U^nz+^mn^) 

shilila \ ^ m ^ n / 

satisfies the equation of conduction provided that 

Also it satisfies the surface conditions at a;=0 and x=a for all 
values of Z, and those at the other faces, if m, ^ are the positive 
roots of 

and tanwc=^^ 53 p 

(cf. § 36). 

Now we have seen in § 36, that, with certain assumptions as to 
the possibility of the expansion of an arbitrary function in a series 
whose terms are of the type 

Y,,=cos ^ 7 - 2 /+— sm mry, 

the coefficients in the expansion 

/ {y) 


are 


9m 2 

given by J 


, But 

Also, 

(of. §37). 
Hence 




cos mrV -\ — sin mry ) ay 
rrir ‘ 


m. 


=_^(sinTOrf>4-^ (1-cos m,.6)j. 




tan iin«r4.ih= 


I 

^^2r+l 


f l) 

Yrdy=0, when r is even ; 

0 

, when r is odd ; 


mJ 


4ih 




1 V I V -L 

Similar results follow for the corresponding expression Zr 
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Therefore the solution of our problem is 


^ ~ ^ sink la 


w J^ 2 /)+l 

b + h^) + M c -1- h^) -[- 2h ’ 

where P = + ^27-1- 1 • 

It is clear that these solutions do not lend themselves to numerical 
calculation, and that they are not suitable for the evaluation of the 
thermal constants. 


51. Variable Temperature. No Radiation at the Surface. 

Let the sohd be the rectangular parallelepiped of the last two 
sections, the initial temperature being an arbitrary function of 
Xj y and 2:, and all the faces being kept at zero temperature. Then 
we have to satisfy the equations, 
dv 

—kVH in the solid ; ( 1 ) 


( 2 ) 

( 3 ) 


■0=0, when x= 0 , y= 0 , s= 0 -\ 

x=a, y=h, z==cr 

and 'o=f {oo, y, z), when t —0 

The expression 

t . Ltt . niTT . nir 
a b ^ r. 

satisfies ( 1 ) and ( 2 ). 

Extending Fourier’s Sine Series to the case of /(x, ?/, z), we would 
have 


2 )= 


8 'A . ZtT . mTT . fhTT 


abc 


'sr^ . ITT 

2j 2 ySin-^a;si 

, - - - {(j 


L = 1 m=iX ?i=l 


Sin ■ 


■ 7/ HIU ■ 




, , , . lir , , mir , . nir \ 

' 01 2; » Rm -- - X Rin oi sin s ( 


sin - “ cr' sin y' sm z' dx di/ dz'\ 
a b ^ c / 


00 00 CO 


^ . . ZtT . mTT . UTT 

""E 2 S -~-a?sm . • y sin z, say. 

Hence the solution of our problem will be given by 

^ = 2 E E^^nMiSm-^ajsin--^7y sm-^~z Va» W 

being the definite integral 

8 


abc 


j{x, y , z ) sm — X sin y sin c dx dy dz . 
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W]ien/(a:, y, z) is coastant and equal to 


A 


nir 


8vq p . ?7r . mir . ioji j j j 




— 1 ~ COS Itt) (1 — COS mir) (1 — cos nir ) . 

Therefore, in this case, 

/4\3 


p = 0 <2 = 0 r=0 


S S 2isin(2^ + l)^sin (2?+l)^sin (2r+l) 


'7TZ 

c 


/4\^ r . TTX , iry , 'TTZ 
== “ ism— sin - 1 ^ Sin — e ^ 

\7r/ {.a be 


. o/ (2p+ir- ( 29 +l)% ( 2 r+m. 

y. 

( 22 i+l)( 2 ?+l)( 2 r+l) 


I 


, 1 . ^TTX . Try . TTZ 
-f ?: sin -- - sm sin — e ^ ^ ^ 

3 a I) c 

,1 . TTX , Ziry . TTZ 
+ ^sin — sin-T-^sin — « ^ 


, 1 . TTX . Try . ^TTZ + 

+ 7 -sin — sm^sin-^6 \a i c / 

Z a b b 

+ }• 

Thus, for large values of t, the series is rapidly converging, and 
to a close approximation 

V / 4 \^ . TTX , Try , irz ^ 

— =( -. ) sin — sin sin — e ^ ^ - 

Vq \ 7 r/ Cl b C 

Also, we note that at the point 

Jc), 

the 2nd, 3rd, and 4th terms disappear, so that 


'y _ /4 Y 

Vf. Vtt/ 


iV/^V 


_24V3 


is a good approximation to the value of v at this point for large 
values of t 

In applying this result it is usual to take a cube, so that a, 6 and c 
are equal, and 


V 
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That sufiS-cient time has passed to allow this to represent the 
state of the temperature may be tested by seeing if the temperature 
readings at this point follow the exponential curve. It will be 
noticed that the 5th, 6 th, and 7th terms are 


24 ^ 3 ^ 



and that these should be negligible. 

If and V 2 are the readings of the temperature at and ^ 2 ) the 
equation 

^2 

gives the value of k. 


52. Variable Temperature (continued). Radiation at the Surface.* 

When there is radiation at the faces of the parallelepiped into 
a medium at zero temperature, we have to satisfy the equations, 

|^=/cV 2 ^; in the solid, ( 1 ) 

ot 

when a;= 0 , when ( 2 ) 

ox ox 

— ^+Jiv==0, when j/=0, ^^+^^=0, when y = b; (3) 

-~~^j^Jiv=0, when 2 ^= 0 , |^+A^ 7 == 0 , when z=c; (4) 

oz oz 


and 'v=f{x, y, z), when ^== 0 . 

It is clear that the expression 


where 


Z=cos ax -\ — sin ax, 
a 


y=cos/3y+^ Bin jSy, 
Z=cos 72 +- sin yz, 


(5) 


* Of. Fourier, loc. ciU, Ch. VIII. 


PLOW OP HEAT IN RECTANGULAR PARALLELEPIPED 111 
and a, /3, y are positive roots of 
tan aa= 


2ak 


.( 6 ) 


tan ^ 6 =^1^2 > 

, 2yA 

j 

satisfies (1), (2), (3) and (4). (Cf. § 36.) 

Hence assuming the possibility of the expansion of the given 
arbitrary function in a triple series whose terms are of this nature, 
we have as the solution of our problem 

a ^ y 

where Aa, ^ is the coefficient of the term in XaY^Zyin the expansion 
and the summation is taken over the infinite number of positive 
roots of the equations (6). 

In the case when the initial temperature is constant and equal 
to Vq, this expression simplifies, as in § 50, and we have 




X. 


2p+l 


• 2^7+1 


P=:0q 


H ,eoCt(aU.+^®)+2A h{^%+,+h^)+2h 


z. 


'2r+l 


o(y2r^i+h^)+^h 

If t is so great that in each of these series the terms after the first 
may be neglected, we have 






^0 (a(ai2+A2)_)_2A)(6(/3i2+A2)+2A){c(yi2+A2)+2^) * 

In applying this solution to the case of the cube, we have 


'1^0 U 


4>}i 


a{ai^+h^)+2h. 




— dKCLl^t 


where 


Zi=cos aiX -\ — sin aicr, 

-vr . ^ • 

Y^=cos aiy+— sm a^y, 

ai 

Zi=cos aiZ+~ sin ajZ, 


and 
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Therefore, if and ^2 are the temperatures at any point at and ig? 
^2 

Hence, k having been found by other means, may be obtained. 
But tan-|aia=~^. 


Thus we have the value of h. 


CHAPTER VII 


THE FLOW OF HEAT IN A CIRCHLAR CYLINDER 

53. Introductory. 

We have seen in § 6 that the equation of conduction, when 
expressed in cylindrical co-ordinates, becomes 

dt ^\9r-^"^r dr'^r^ 90^”^ dzO 

If a circular cylinder whose axis coincides with the axis of z is 
heated, and the initial and boundary conditions are independent of 
the coordinates 0 and z, the temperature will be a function of r 
and t only, and this equation reduces to 

dv ^ /92?; 1 d'yX 

In this case the flow of heat takes place in planes perpendicular 
to the axis, and the lines of flow are radial. 

When the initial and boundary conditions do not contain z, 
the flow of heat again takes place in planes perpendicular to the 
axis, and the equation of conduction reduces to 

dv_ 

9 ^ ^ \dr^ 'r dr 90 ^/ 

Again, when the initial and boundary conditions do not contain 
0, the flow of heat takes place in planes through the axis, and the 
equation of conduction becomes 

1 

dt ^ ^ \9r^~' 9" dr dz^J 


C.C.H. 
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54. Infinite Cylinder. Steady Temperature. 

If the solid is a hollow circular cylinder, whose inner and outer 
radii are and r^, and the surfaces are kept at the constant 
temperatures and v^, the equations for the temperature become 


d^^+r(h-~ ’ 




and 

Thus 


v = v^, when T = r\, 

V = v^, when r = r^. 

■V = ^^2 log 

logrg—logr^ 


If the cylinder is solid and heat is supplied by an electric current 
of constant strength passing through a uniform straight wire coin- 
ciding with its axis, and the heating has gone on long enough for 
the steady state of temperature to be attained, the rate of flow 
of heat out through any concentric cylinder is equal to the rate 
at which heat is supplied to the wire by the current. 

Thus, if jff is the heat supplied per unit length per second, and 
K the Thermal Conductivity, 

- dv 




dr 


Therefore on integration we have 

Vi and being the temperatures at and 
But H^PR, 

I being the strength of the current and R the resistance. 

Thus 2TrK{Vj,-~v^)==I^RlQg^A* 


55. Infinite Cylinder. Variable Temperature. 

Let the initial temperature be given by t;~/(r) and let the surface 
r=a be kept at a constant temperature, which may be taken as 
zero.t 


*Cf. Niven, London, JProc. Soc,, 76 (a), p. 34, 1905; Loos, London, PhiL 
Trans. K. Soc., 204 (a), p. 433, 1905 . 

t If the constant surface temperature is Vq, wo may reduoo this to casf^ of 
zero temperature by putting v=Vq^- w. 


FLOW OF HEAT IN A CIRCULAR CYLINDER 


115 


The equations for v are as follows : 

dt ‘ r dr) 

^;=0, when r= 


9 ' 


(0<r<a) 

a, 


and 

If we put v — e 
must have 


'o=f{T), when i=0. 

where %i is a function of r only, then we 


d^u I du ^ 

®5+f * + 


which is Bessel’s equation of order zero. 

As the solution of the second kind is infinite at r==0, the particular 
integral of the temperature equation suitable for our problem is 

v==AJo(ar)e-'^‘^"^, 

where Jo(x) is Bessel’s function of order zero of the first kind* 

To satisfy the boundary condition a must be a root of 

tT Q (oc<^) = 0. 

It is known that this equation has no imaginary roots or repeated 
roots, and that it has an infinite number of real positive roots 


Also to each positive root a there corresponds a negative root — a-t 
If f(r) can be expanded in the series 

the conditions of the problem will be satisfied by 

1 

Assuming for the present the possibility of the expansion} and 
that the series can be integrated term by term, we can obtain the 
values of the coefficients by the help of the two important definite 
integrals to be discussed in the next section. 


*For information as to the Bessel’s functions see Appendix I. 
f Cf. Gray and Mathews, Bessel Functions, Ch. V., 1895 ; Watson, Theory 
of Bessel Functions, Ch. XV., 1922. This important work has been passing through 
the press at the same time as my own. I am indebted to Professor Watson for 
the references to it here and in the pages which follow. 

.•}: For a discussion of the possibility of expanding an arbitrary function in a 
series of Bessel’s functions, see Hobson, /yo;?.c?07i, Proc. Math. Soc. (Ser. 2), 7, 1909 ; 
Moore, Trans. Amer. Math. Soc., 10, 1909 ; 12, 1911 ; and 21, 1920 ; Young, London, 
Proc. Math. Soc. (Ser. 2), 18, 1920. The subject is also treated in Dini, Serie di 
Fourier, pp. 24()-269, 1880, and Ford, Studies in Divergent Series and Summability, 
Ch.V., 1916. 
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56. The Integrals 

and 

Putting u~~J<f^{aT) and wc have from Bessel s (M|iiatioiu 


Tims 




dr 


—a 


r d; 


du_^^dvy 


dr ' drjo’ 


and this vanishes when 

aJn O®) J n (®®) ~ «{®®) ^11 (/^®) “ 

where J'n ('‘®)— 

Thus when a and fi arc two different positive roots o£ 
(i) J„(«a)=0, 
or (ii) J„'(aa)=0, 
or (iii) aJ„' {a(i)-\-}iJ„{aa)~0, 


wo have 
Again, since 


rrJn{ur)J„{f-ir)drrr~(). 

Jo 


Id,-' du\ 
r dr \ dry 




Therefore 


df du\^ 

drV dr,/ 


dr '''''dr 


and 


“’I 


® ., dM“ 
dr 


du\^ 


^ / imx o , 


-0. 


Integrate by parts and it follows that 

o - f® 2 j I' ‘o'du'r 
2 a- J ryrdr- 


i, I U'W I / O o .>\ t) 

'■“(.dr/' ' 


.(1) 


^Tho nonvorgtmcio of tho intogralH wlion r=:0 ro(|uiroH ihal tlu^ ri^al part of n 
Hhall 1)0 groator than -I. In tho applicatioiiH of thcHo intt^graln in tlio toxt wv 
Hhall bo doaling with n real and not leas than zero. 
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Therefore 

J 0 

= ? [{^, ;(««))-+ (l -^,) (J'nCaa))^] • 

Thus (i) when a is a root of J,^(aa)™ 05 * > 

Jo 

(ii) when a is a root of J,/(aa) = 0, 

j^r (J„(«r))- <^^=2 (^-^2 ^ 

and (iii) when a is a root of af/„'(ar/.) f // J,^(aa)=0, 

f r(/,XMr))-(i>-=r-,/,;,(a-A2+(a‘-=«--n-))(J„(«a))2 

J Q uU J 

57. Infinite Cylinder {amtinned). Applications of these Integrals. 

Wc may ap])ly these results to the case of the Infinite Cylinder, 
assuming the possibility of the expansions needed in each case, 
and that they may be integrated term by term.t 
L Surface r-~(i at ieniperature zero- Initial tempemture v=f{T). 
In this case we take 

f[r)--AiJQ{aiT)-\-A^J o(«2^)+ ••• J 
where «x, ^2 ••• the positive roots of 

Thus /l„f r{J^[a,,r))'HrA rf{r)J^{a^r)dr, 

Jo Jo 

ra 

since rJ o{<hn'^)J o(<^n^) dr^^Q. 

J 0 

But jVjoOi..**))® dr^'!pJo'(a.a)V- 

9 « rr/(r)Jo(a„r)dr 
Therefore 

* It, in known that tlu^ roots of this equation and tho others in (ii) and (iii) 
an^ all rnal and not repeated. Cf. Watson, loc. nL, §§ 16. 2S, 15. 25. 

f For a more rigorous treatment of some of tho problems named in this section 
and the next, reference may bo made to Moore’s papers in Trans. Amer. Math. 
Soc., 10, 1909; 12, 1911; and 14, 1913. 
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II. Surface r=a impervious to heat. Initial temperature v=f(r). 
In tMs case we take 

where ai, a 25 --*. are the positive roots of 

Jf (ad) = 0. 


pa 

Then, since J r(Jo(a„r))2(ir=^(Jo(a„a))^ 


we have 


Vg~-/ca„2ii 


Joian^). 


(Jo(«n^))^ 

III. Radiation at surface r=a into a medium at zero temperature. 
Initial temperature v=f{r). 

In this case we take 

where ai, a^, ... are the positive roots of 

aJf {aa)+hJ 0 (aa) = 0. 

Then, since f r(Jo(a„r))2d:r=/ j(/i==+a„2)(JoK«))^> 

J 0 


we have ^ V 6 - 


nn^^jf(r)Jo{an'r)dr 


Joianr)- 


a^ ^ {h^^an^){J ^[anO)Y 

IV. Surface r —a at zero temperature. Initial temperature v=f{r,0). 
In this case the equation of conduction becomes 


dv_ I 1 I \ 


and the expression e'’^^”‘^Jn{ar){A^^ cosnd+B^^ sinnS) 

satisfies this equation, n being taken integral as the temperature 

is periodic in 6 with period 27r. 

Now take the Fourier’s Series for f{r, 0), namely, 


where 


and 


/(^ ^) = S cos nO+b^ sin nO), 

11=0 

a„= 1 f f(r, 6) cosnddd, (w 1 ) 
’’■J 

?)„= /(r, 0)sinn6(Z6, 

«o==^|_ /(n 0) dd. 
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These coefficients are functions of r. Expand them in the series 
of BesseFs functions of the nth order, e.g, 

«=1 

where ... , a^,, ... , are the positive roots of 

e/^(ttC^) =0. 

Then we have 

^)^oMrdrde, 


Tra^ 


A. 


^ pa pff 

J_ /(>■. cos ndJ„{a,r)r dr dd, 


TV a 


and 


7ra‘ 




Thus we obtain our solution in the form 

00 CO 

w = 2 2 S («»’■) e - *• 

i;=l n=0 

V. Radiation at surface r^a into a medium at zero tem^perature. 
Initial temperature v=f{r, 6). 

In this case we take the Fourier’s Series for f{r, 6), namely, 

00 

/(»■. ^) = 2 

11=0 

as in IV. 

The coefficients are functions of r. Expand them in the series 
of BesseFs functions of the nth order, e,g. 

00 

~ 

«=! 

where a^, ... are the positive roots of the equation 


aJf («<^) n = fl* 


Then we have 




■^n.8 r ■ 


2a.« 


2 


Tra^f 




^n,s~ 


2a/ 


Tra^f 




■ f f /(r, 6) cos n0 (a^r) r dr dd, 

sJo J 

n /(r, 0)sinn0/„(asr)r dr dd, 

-TT 
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and S '^{■^n,s^oan6+B„^sSmnd)J„{asr)e-’‘s^K 

S=l ?l=0 

VI. Surface r=a at zero. Initial temperature v=f{r, 6, z). 
In this case we have 

dv I ^ I ^ I 

dt ^ \9r^ 5. 0^ ' ^2 002 + ^2^2 


and 


e-K(aH^^)« j ( y) °P® as 

^sm sm 


is a particular integral. 

Now expand /(r, dy z) in the Fourier’s Series 

JO 

2 cos nd + sin nO ) . 

71=0 

The coefficients and 6„ are functions of r and z, denoted by 
Fnir, z) and 0„{r, z). 

Expand these functions in the series of Bessel’s functions given 
by the positive roots of 

J„{/j.a) = 0, 

and let F„{r, z) 

M- 

Finally, take the Fourier’s Integrals for 0^(2^) and namely, 

T *CO /»CO 

</>n (^) = - <^a (/3) cos a i^—z) d^, 

rrjQ j — CO 
1 poo ^00 

i'n (a^) = - da\ \fr„ (13) cos a{^—z) d^. 

Thus we get our solution in the form 

cos n(9 +■<//■„ (/3) sin M0] 

TT /a n-OJ 0 J - <» 

X cos a (iQ— z) da d0, 

the summation with regard to /j. being over the positive roots of 

J„(iaa)=0. 

VII. Surface r—a at v=F{6, z). Initial temperature v=/(r, 6, z). 
As shown in § 9, we reduce this to the case V., and a problem 
of steady temperature, by putting 

v=u-\-w, 
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and choosing u, a function of r, 9, and z only, to satisfy 
V2m=0, 1 

u=F{d, z), -whenr^aj 

and w to satisfy =kV^w, 

w=f{r, 6, z)—u, when t=0, ’ 
w=0, when r=a.^ 

To find u we expand F (6, z), as above, in the Fourier’s Series 

CO 

ncos n0+6^siii nd), 

u=0 

an and being in this case functions of 2 :, which we denote by 
<pn{^) and >//'h( 2^). Then we take the Fourier’s Integrals for ^n{^) 
and \lrn{z), and u is given by the equation 

XCOSa{^-~z)dad^. 

To find w we proceed as in VI: above. 

58. Semi-Infinite Cylinder. Steady Temperature. 

Let the axis of the cylinder as before lie along the axis of z and 
let its base be the plane z=0. We shall examine first of all the 
case of steady temperature when the base is kept at temperature 
V =f{r) and radiation takes place into a medium at zero temperature 
at the surface r=a. When we put/(r)=='yo ‘^be solution of this pro- 
blem will correspond to the exact discussion of the Flow of Heat 
in a Rod which has been treated in § 20, with the assumption that 
the cross-section is so small that the temperature over it may be 
taken as equal to that at its centre. However, when radiation 
takes place at the surface, there must be a flow of heat outwards 
from the middle of the rod, and the assumption of Linear Flow 
of Heat serves only as an approximation to the actual state of 
affairs. This approximation is admissible when the emissivity 
is poor and the conductivity good.^ For this reason the Bar 
Methods of determining the Conductivity are employed only for 
good conductors. We have seen in § 52 that in the case of poor 


Of. Peck, Phil. Mag., London (Ser. 6), 4, 1902. 
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conductors experiments have been conducted on cubical blocks 
of the substance, and in §§ 63, 66 we shall find that cylinders and 
spheres may be employed for the same purpose. 

In this case of steady temperature the equations for v are 

(0<^<«;0<.) (1) 

i;=/(r), - when z—0^ (2) 

+ 0, when r~a (3) 

The expression e~^-jQ(ar) 

is a particular integral of (1) and satisfies (3) if 

clJ q {^clci) -\-liJ Q {cto^ =0 (4) 

Thus we take /(r)=^iJo(«i^)+'42'^o(«2^)+--- ? 

CO 

and v=^A,fi-^^J,{anr). 

1 

When a is small, the roots ag, ... increase rapidly, and we may take for 
V the first term in this expansion."^ 

Further, if a-^a^ may be neglected, we have 
J q(ccjCi) ~ 1 and J " q 

Therefore, from (4), +A=0, 

or “> = '>/(?)• 

It will be noticed that this requires ah to be small, and that we obtain for 

to this approximation the value V when f{r) is constant and equal to F. 

- /(-% 

Thus we have = Fc ^ \aJ * 

and this agrees with the solution of § 20. 


59. Semi-Infinite Cylinder. Variable Temperature. 

We shall examine first the problem of the Semi-Infinite Cylinder, 
given that 

v^f{r^ d, z) initially, 

and ^=0, when r=a and z=0. 


*Cf. Watson, loc. ciL, §§15.23, 15. 32; Moore, Trann. Amer, Math. Soc., 
10, p. 397, 1909. 
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In this case we start with the expression 

q-k (a2+//.')< J (^r) nO sin az, 

. ' sin 

which satisfies ~=kVH, 

ot 

and also the surface conditions when z=0 and r=a, if e/^(^a) = 0. 

Now expand /(r, 0, z) in the Fourier’s Series 

00 

2 (<^n COS nQ-\-hn sin nQ), 

u-O 

and bn being functions of r and z, denoted by {r, z) and Gn{r, z). 
Then expand z) and Gni^, z) in the series of Bessel’s functions 
given by the positive roots of 

and take Fourier’s Sine Integrals for the coefficients (j)n{z) and xj^rniz) 
of the terms in these expansions. 

In this way we find the solution in the form 

TT [X ns=0 J 0 Jo 

X sin a /3 sin az da 

the summation with regard to ^ being over the positive roots of 

Jn(/wa)=0. 

If the temperature at the surface is given by 
'y = )(i(r, 0), when2;=0, 
v = whenr=a, 

and if v :=f(r, 0, z\ when t =0, 

we proceed as in § 9 to break up the problem into two, the one being a case 
of steady temperature, and the other a case of variable temperature. In 
the steady temperature problem we have 

0), when 0=0, 
w = ;^2(0, z), when r=a. 

Then wo put u=Ui + W2j choose to satisfy 

V%i=0, 

% = when 2=0, 

V%=0, 

^2=0, when 2=0, 

= whenr=a. 


and 
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Thus we have* 


r'dr'l I e W^{kR)dX 

Z'jrjo J — TT Jo 

^ / *” J hx.t') r * 

and -Wo = “ / sin Xs y^rY— : dX / [</j«(a) cos?i 6 * +i/^„ (a) sin? 2 . 6 ^] sin Xa da, 

TTJo tf Jo 

where R — J (r- + /- — 2rr' cos {0-0')) and (/>„ (z) and (z) are the coefficients in 
the Fourier’s Series 

00 

2 tios ?iO + h,i sin n 0 ) 


for 

The variable temperature problem is the same as that discussed in the 
former part of this article, the initial temperature being 

/(r, e, z) -u. 


60. Finite Cylinder. Surface at Zero Temperature. Initial Tem- 
perature £(r, 6 , z). 

The equations for the temperature are 

-|j=/cV2'u, (0<r<a, ~Z<?.<0, (1) 


and 


v=f{r, dy z), when ^=0, ... 
'i;=0, when r=a and z~ dzl. 


.( 2 ) 

.(3) 


The expression 




, . cos „ . mTT , 


sm 


satisfies (1) and (3), if m is any integer and ja is a root of 
Now expand /(r, 6, z) in the Fourier’s Series 

CO 

S(«.n COS nd+b^^ sin nd), 

n—Q 


a, and being functions of r and z, denoted by Fnir, z) and Gnir, z). 
Then expand Fn{'^, z) and Gn{r, z) in the series of Bessel’s functions 
given by the positive roots of t7n(/ua)=0, and take the Sine Series, 

whose terms are the sines of multiples of ^ (^+0? coefficients 

in this series. 

In this way we find the solution in the form 


'ST'v y . . mir 


ln~0 


/ , IS. / J 


* Heine, Handhuch der Kugelfunctionen (2. Aiffi.), Bd. II., §57. 


where 

A 


iu-, 7)1, n ■ 
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. tyitt • 

2 ^sin c)j^ (z+l) dz\ cos7i9f{r, 6, z)d0 

~waH {Jn{fxa)Y 


and a similar expression holds for 


If the temperature at the surface is given by 
^ = Xi(^j 2 :), whenr=a, 
v = X 2 (r, 6), when 5;=Z, 

^ = X 3 (^» when z- -I, 

we have, as before, to consider the steady temperature problem 

V2^^=0, 

where '^ = Xi(0,z\ whenr=a, 

'^ = X2(^> when z-l^ 

J^nd w = X 3 ( ^, d\ when z= -L 

This may be solved by taking 


W — U^, “l" ^2 "t 


where satisfies V^Ui =0, has the given value at r=a, and is zero ebtz = ±l, 
with similar conditions for the others. 

In this way we obtain 


j. f .mTT \ 

« mtt 

S S — 7 — — r sin (z + J) {A„, „ cos nd + B„, „ sin nd), 

n=ln=0 r / • \ 

^ —j-' CC I 


where and are determined by the expansion of Xi(^» z) as above. 
Also U 2 = 'S 2 

ju, n=o sinnz/x6 

where the summation in /x is over the positive roots of 


Jn{fJ^Ct>) — 0 


and Afx,n, are determined by the expansion of X 2 (^> ^)- 
Similarly 

where A|a,n> are determined by the expansion of X 3 (^> 9)> 


61. Finite Cylinder. Radiation. 

If, in the cylinder of § 60 , radiation takes place at all the surfaces 
into a medium at zero temperature, and there is an arbitrary initial 


* Cf- Heine, loo. cit., Bd. II., § 81 ; when 7i= 0, the expression is to be halved. 


126 


FLOW OF HEAT IN A CIRCULAR CYLINDER 


temperature v =f{r, 6, z), we have the following equations for the 


temperature : 

(1) 

v—f(r, d, z), when t=0, (2) 

—+hv=0, when. r=a, (3) 

ar 

^+Av=0, when z=l, (4) 

oz 

Sv 

and —^+hv=0, when 2 ;=— L‘ (5) 

oz 


Put V =u +w, where u, w satisfy (1), (3), (4), and (5), and 
u—i{f{r, 6, z)—f{r, 0,— z)}, when t—0, 
and 0; 2 )+/(r, 0, — z)}, when <=U. 

To determine u we take the expression 

sin Xz^^^nd J,^ {imr) e~'' 


This satisfies (1) and (3), if ^ is a root of 

jiiJn{/^a)+hJn{^ci,) = 0, . 

Further, it satisfies (4) and (5), if X is a root 
X cosXZ+A sinXZ==0. . 
If we then expand the function 

i{f{r,e,z)~-f{T,d,-z)} 


in the series, 


of 


(6) 

( 7 ) 


S 2 2 (Ae,»cosw0+5A,M,nSinw0)sinAz,/„(//r), 

A fjL n^O 

u is given by the eq[uation 

m=2 2 2 (A,;,«cosn0+5x.j^,„sinn0) sin Az/„(/«r)e-''('^*+'“)', 

A ft 71 = 0 

the summations with regard to ijl and X being taken over the positive 
roots of (6) and (7) respectively. 

To determine w, we take the expression 
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and tlie A’s are the positive roots of 

h cosXZ—X sinXZ=0. 

The function d, ^)+/(r, 0, ~z)] 

is then expanded in a series whose terms are of this type, and w is 
given by the equation * 

C30 

A ju, u=0 


62. More General Problems on the Cylinder. 

The methods of the preceding sections may be used in dealing 
with the hollow cylinder, or the solid in which the bounding surface 
is formed by the cylinder (or hollow cylinder), two planes through 
the axis, and one or two planes perpendicular to the axis. 

It will be sufficient to give here the solutions of the following 
problems of this kind : 

I. Infinite Hollow Cylinder. Surfaces and r=h kept at zero. 
Initial Temperature f{r). 

In this -case we have 



If we put V where u depends on r only, the equation ; 

is 

d^u ldu 
dr^ r dr 


or Bessel’s equation of order zero. 

As the range of r does not extend to the origin, Bessel’s functions 
of the second kind are not excluded. Instead of introducing the 
function (cf. Appendix I., §-2), it is better to take the function 
where HJ^^=Jn+iYn (cf. Appendix I., §4), since 
vanishes at infinity in the upper part of the 2 :-plane. 

Let ?7o(ar)= (2) 

where Hf^'>{T) is this solution of Bessel’s equation of order zero. 
Then i7o(a6)=0 and UQ{aa) is also zero, provided that a is a 

J,{aa) HoW(aa)=0 (3) 

This equation has no imaginary or repeated roots, and it has 


Cf. Heine, loc. cit, Bd. II., § 83. 
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an infinite number of real roots. To every positive root a there 
corresponds a negative root —a.* 

Further, we have, as in § 56, 

^\Uo{ar)U,(^r)dr=0, 


1 

J a 


(4) 


where a, ^ are two different positive roots of (3). 

v2-|i. 




And 

But 


since 


2i 

TT ’ 

d 




irz 


.t 


*'Xhe equation i7o(cta)=0 is the same as 


The real roots of this equation are known [of. Gray and Mathews, lot. ciL, 
p. 242 (vi)]. 

To show that there are no pxire imaginary roots, we sec from Appendix I. , § 2, 
that *• 1 + 

' (2 ^ 

^_Y^ix) , 


^7o(2)=2/o(^)(log2/2+7) + ... . 


Thus 

is real, when x is real. 


y= 


Jo{ix) 


Also 


dx 


~JoHix) 


63 ( 1 )]. 

Therefore ?/ is a continually increasing function of a:. 

It follows that 

cannot have any pure imaginary root. 

Again, we know that 


rU^iar) Uti{^r)dr-0, 


when a, jS are different roots of Uf^{aa) — 0. 

Thus Uo(aa)=0 cannot have an imaginary root of the form \±ifx 
(of. §36, p. 78). 

The equation £7‘n(aa)=0 can be treated in the same way. 
fCf. Watson, loc. cit.y §.3. 63 (1). 
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Also 



But 


J,{ab) ^• 


d 

d{(xa) 


H,^Haa)}. 


It follows that 



pw* 


Therefore we have 


Assuming that f{r) can be expanded in the series 


.(5) 


and that the series can be integrated term by term, we have, from 
(4) and (6), 

^f{'^)UQ{anr)dr 
A — Jf!: 

rUa^{a„r)dr 

Ja 




d 0'‘ 


Ua{a„r)dr. 


2 <Io“ ( d (cin(^) ^ 

Thus we are led to the solution of our problem in the form • 

Y S Jo^aS-j]^ (a„a) ® ^ ’■/ (’■) ^o(a«r) dr, 

the summation being taken over the positive roots of (3). 


II. Infinite Cylinder, The surface r—a and the planes 0=0, 
0=00 kept at zero. Initial temperature f{r, 6), 

In this case we have 


dt r dr 


and (ar) sin 0 6“'^^*^ 

is a particular integral of this equation. 

Also the conditions at r=a, 0=0 and 0=0o are satisfied, provided 
that m is a positive integer and a is a root of 

d,^{aa)=0. 

■ 00 


C.C.H. 


I 
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Expand /(r, 6) in the Sine Series 

V sin 0, 

1 “o 

the coefficient being a function of r, say F^{t). 

Then expand F^{r) in the series of Bessel’s functions given by the 
positive roots of e7m^(aa)=0. 

In this way we are brought to the solution of our problem in the 
form 


= i; S (ar), 


where 


r^O Wy'TT 

/(r, 9) sin OJ ,„„{ar)r dr dO 

o*'o 


00 rJUar)dr'’°'’^ 

Jo 

^0 

the summation in a being over the positive roots of 

JmA(xa)=0. 

00 

The solution for the wedge given by 0=0 and 0=0o can be 
deduced from the above by letting oo . Cf . §§ 69, 90. 

Ill, Finite Cylinder. The ends z^±l, the planes 0=0, 0=0q, 
and the surface r=a hept at zero. Initial temperature f{r, 0, z). 

In this case we have 

dv (dH , Idv , 1 dh , dh\ 


dt ^\9r‘^'^r dr'^r'^dd^"^^)^ 
and a particular integral of this equation is 

e ^ /u^(Xr)sm-g 0sin“^(2;+i). 

0() 0 

Also the conditions at the surface are satisfied if m, n are positive 
integers, and X is a root of J'„^(Xa)=0. 

00 

Expand/(r, 0, z) in the Sine Series 

;2a„sm^0, 

1 ^0 

an being a function of r and z, say z). 
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Then expand Fn [t, z) in the Sine Series whose terms are multiples 
of ^( 2 ;+^). The coefficients of this series will be functions of r. 


say 

Finally expand Fm, n(^) series of BesseFs functions given 

by the positive roots of (Xa) =0. 

^0 

In this way we are led to the solution of our problem in the form 


K m n h *^0 

where 


xf f '[ /(r, d,2:)sin^(2:+Z)sin^(9JnTr(Xf)r(^rc?i9&. 


63. Determination 0 ! the Conductivity from Cylinders. 

The results of the last sections can be reduced to a simpler form 
when the initial temperature is constant. We proceed to examine 
three cases which lend themselves to experimental investigation. 

I. Initial temperature v~Vq. Radiation at r—a, z=±:l into a 
medium at zeroj^ 

In this case we take the expression 
cos 

which is a particular integral of the equation 

dv 

— =:/cW 
Ot 

This satisfies the surface conditions, if X is a positive root of the 
equation ' h cos ZX —X sin IX =0 

and /X is a positive root of 

Now, assuming as before the possibility of the expansions, 
1=^jCOSXi2+-42COSX22J+... , 

we may obtain the values of these coefficients by integration. 


* Weber, H. F., Ann, Physik, Leipzig (N.F.), 10, p. Ill, 1880. 
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To determine Ai, A2, we first show that 

J cosX„,zcoB\n^dz =0 {m^n), 
o. 7 4 sinXj 

W e have | cos X^2: cos X dz 

=|- J (cos (X^H-X^)2 :+cos (Km X^)^:) dz 
sin(X^H~X^)? I siii(X^— Xy^)Z 


cos KJ^ cos X J/ 


=0, since XtanXZ==^. 

n 


(X771 tan KrJ^ X^ tan Knl) 


Also 


j* cos^\n^dz=^^^ (1 + cos 2X^2:) dis: 


=^+2^sin2Xj. 

Therefore, on multiplying by cos Kn^ and integrating, we have 
4 ____ 4 _sinX^i^ 

^’“2Xj+sin2X^r 

To determine Bi, B2, ... we have 

bS'^J 0^ (lu^nr) dr== [ rJ 0 (/x^r) dr. 

Jo •'o 

But since + ^ + 

we have /x„^| rJ 0 {^n'^) ^ 5^: *^0 

= J 0 (mw^) odiJ q (//.^< 35 -) . 

Also we have seen (§ 66) that 

f rJ ^{/xnr) dr = +f^n)J o® (/^««) • 

Jo -"Mn 

2A 


Therefore 


B»= 


a{h^+lj.„^)Jo{f^rfl)' 
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Thus we have the solution in the form 

V =Vq (^1 cos e - + . . . ) {BjJq e - . . ), 

Xi, X 2 J ... 5 and ^ 1 , /X 2 , ... being the positive roots of the equations 
h cos l\~-\ sin ZX=0 and 

Further, if we take temperature readings after a considerable 
time, we have approximately 

Two observations at the same point at times give 
% ' ■ 

and K may be determined, h being supposed known. 


II. Initial temperature v=Vq. Radiation at z=^dszl into a medium 
at zero. Surface r=a kept at zero,^ 

In this case we have, as before, 


V =^Vq ( cos XiS . . . ) (J5iJo . . . ), 

where Xi, X 2 J -• are the positive roots of 

h cos l\ —X sin ZX =0, 

and //i, />i 2 , ... are the positive roots of jQ(^a)=0. 

' 4 sin X J 


Also 


and 




” 2Xj+sin2Xj 
9 


Approximating as before, 

v=VqAiBj^ cos XizJo(juir)e’^'^^^i-^+^i'‘^^, 


and from two observations at the same point we obtain the value 
of K, h being supposed known. 


III. Initial temperature v=Vq. Surface z=—l kept at zero tem^ 
perature. Radiation at z—-{-l and r^a into a medium at zero.'t 
In this case we start with the particular integral 


sin X {z+l)jQ{iuLr)e-'<^''+f^^^K 


* Weber, H. F., Berlin, SitzBer. Ah. Wiss., p. 472, 1880. 

f Beglinger, Berlin, Verh. Ver. Qewerbfi., iS, 1896. See also Hall, Physic. Rev,, 
Ithaca, N.Y., 10 , p. 297, 1900. 
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( 


The surface conditions are satisfied if X and /j. are given by the 
equations X cos 2Xl+h sin 2AZ=0 

and fj.Jg{/ua)+JiJo{/j.a)=^0. 

Thus we have the solution in the form 


where 


. 4(1— cos2X„Z) 

4X„(-sin4A„r 


R 27i_ 

andXisXa, ... ,//i, jU 2 , ••• are the positive roots of the above equations. 
Approximating as before, 

V —VgA^Bi sin A 1 (z + 7) Jo ® ~ “Or-* 
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CHAPTER VIII 


THE FLOW OF HEAT IN A SPHERE AND CONE 

64. Introductory. 

We Lave seen in § 6 that the equation of conduction, when ex- 
pressed in spherical polar coordinates, becomes 

dv__^ fdh 2 dv 1 a / . dv\ 1 d^v'] 

dt ^ r^siud dd\^ dd) r^sin^0 90^J* 

In the case of Flow of Heat in the Sphere, when the initial and 
surface conditions are such that the isothermal surfaces are con- 
centric spheres, and the temperature thus depends only upon the 
coordinates r and t, this equation becomes 

dv_ 2 dv\ 

dt ^ \dr^ r dr)' 

On putting u=vr, we have 

du___ d^u 

sphere, of inner radius Ti and outer radius 
u—vr, 

u=v^ri at f=ri, 
u—V 2 r 2 at r=r25 
the temperatures of the inner and outer surfaces being and 

Vi'ri(r2-r)+V2r2[r-r:^) _ 

/(rs-ri) 
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If the solid is a hollow 
we have 

where 

and 


Therefore 
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Variable Temperature. 

Let the sphere be of radius a, and the initial temperature be 
given by v—f{r). If the surface is kept at a constant temperature 
Vq, the equations for u are as follows : 


du dHi 

V 

V 

u=0, 

when f=0, 

'ic=avQ, 

when r=a^ 

u=rf{r). 

when i5=0. 


These are the same as the equations we obtained for the case of 
a rod of length a, whose ends are kept at temperatures zero and av^, 
its initial temperature being rf{r). The problem of the symmetrical 
distribution of heat in a sphere of radius a is thus mathematically 
the same as that of the flow of heat in a rod of length a. 

The case of a hollow sphere can be discussed in the same way. 


65. Sphere. Radiation at the Surface r=a into a Medium at 
Zero Temperature. Initial Temperature £(r). 

In this case the equations for v are as follows : 


and 


du 

dr 


and 


dv (d^u 2 dv\ , , 

(1) 

~ + /t'y=0, when r=66, 

(2) 

v~f(T), when ^=0 

(3) 

we have 


du dhi 

(0<^<«) 

W 

10 = 0 , when r=0, 

(6) 

■(^h—^u=0, when r=a, 

(6) 

u~rf{r), when t=0 

•-.(7) 


The problem is thus reduced to that of the flow of heat in a rod, 
one end being kept at zero temperature, while at the other end 
radiation takes place into a medium at zero. 

Proceeding as in § 36, we consider the expression 


sin ar. 


1S7 


FLOW OF HEAT IN A SPHERE AND CONE 

This satisfies (4) and (5) whatever a may be, and it satisfies (6) 
if a is a root of the equation 

aa cos aa^{ah-l) sin 

To find the nature of the roots of this equation put 


aa- 


and we see that they correspond to the abscissae of the common 
points of the curves ^ 

i;=tan^ and 

"^m^r^ts Me Sius symmetrically situated on the axis of £ with 
regard to the origin. When -Kji <0, they he in the inte^als 
(0, i-w) : (tt, iiw) ; , and approach 1)^ as n J^™es h^^ 

0 7) <1 00 > tliey lie in the intervals tt) • ’ 

approach |(2«- 1) w as n increases ; and there are no repeated roots. 



Further there can be no pure imaginary root of (8). 

possible, let aa==i//> where M iB real. 

Then 

Also F(m)=1+(«^-1) 

But 


For, if 
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Therefore iisver vanishes, and F{ij.)=0 has no other real 

root than zero. 

Also, there can be no imaginary roots of the form X±iju. 

For, if possible, let a—X+i/uL be such a root. 

Then a'=X— must also be a root. 


Then since 

F~sin ar, 

7'— sin aV, 

satisfy 

and 

d^Y' 

dr^ 

we have 

(a^— a'2)| YV dr= 

‘ i 

But V, V' satisfy (6), and therefore 


dr dr Jo 


fa'2F=0, 


■V‘ 


dr J 


Thus 

Thus 


r 


VV'dr-=0. 


I sin {X+iju.)r sin {\—ijUL)T dr==Q, 


and this requires that 


J (sin^Ar cosh^^r+cos^Ar sinh^^r)(Zr=(), 
which is impossible. 

We have thus shown that (8) has only real roots, and that these 
are infinite in number. 

Let ^ 2 ? ••• 

denote the positive roots in ascending order. 

Oi 

Then the series a„r 

1 

satisfies (4), (5), and (6), and will satisfy (7) if 

»•/(»■) = sin a„r.* 

1 

Assuming the possibility of this expansion and that the series 
may be integrated term by term, we can obtain the values of these 
coefficients as in § 36. 


On the possibility of this expansion, see Ford, loc. cit.f p. 144. 
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We first show that 


and 


. . 

sm a^r sin a„r cZr=0 (m^n) 

Jo 

I sin^a, 

Jo 


7 

^r(ir=^ 


a a^a^^-\-ah(a'h~- 1 ) 


2 a^a^^+{ah~l)^ 
These follow at once by integration. For 


r sin a„‘r sin a«r a Ja _s m («,» + ««) « 

)o 2 (a„-a„) 2 (a„+a„) 


COS a^a cos a^a 




(a^tan a^a—a^tan 


and this vanishes, since and a„ are roots of 

tan act a 


" 1 — -aA* 


r« 1 ra 

Also J sin^a^ir c?r==^J (1 — cos2a,ir)cZ/ 


and 


sin 2 a,,C 6 = 


a sin 2ana 

= 2 457 "’ 

_ 2 jban^t^ 

l+tan^a,ia 

2 an(jt{cth—l) 


Therefore 


{dh—lY+a^an^ 

r sin^a r dr=- 

Jo ” 2 aV+(aA-l)2 

Hence, assuming ttat 

rf{r)—Ai sin Uir+^a sin a 2 r+... , 

C“ f“ 

,j sin'^a,,/ «^»'= 1^ ’/(^) sin 

^ aW+(a^-^)^ r 

a c{^a„®4-a^(ffiA— 1), 

Then the solution of our problem is 


we have 
and 


An 


An 


-)jo’'/Wsma„r 


dr. 




which gives 

— u^a,^+(oA— l.)i ^ f y sin a / sin a,ii 

cw',;^aW+aA(aA-l)VJo ^ / 


140 


FLOW OF HEAT IN A SPHERE AND CONE 


This solution has been applied to the problem of Terrestrial 
Temperature, the initial temperature being constant, and the 
radius of the sphere very great. The solution of the problem of 
radiation in the Semi-Infinite Solid with arbitrary initial distri- 
bution of temperature may also be deduced from the result of 
this article.* 


66. Application to the Determination of the Conductivities of 
Poor Conductors.' 

The expression we have just obtained for the temperature in 
a sphere cooling by radiation at the surface converges so rapidly 
that when a sufficient time has passed the terms after the first may 
be neglected. This gives an expression suitable for numerical 
calculation, and it has been applied in different experiments where 
the initial temperature of the sphere is constant. 

For example, a ball of the material to be tested is immersed in 
a bath at a constant temperature V for a sufficient time to allow 
the whole ball to acquire the temperature of the bath. It is then 
removed and allowed to cool by radiation in a medium at constant 
temperature. After the cooling has gone on for a certain time, 
observations of the temperature are taken. In one set of experiments 
these readings are for the temperatures at the centre and the surface. 
In another set of experiments the temperature at the centre alone is 
required. 

With the notation of § 65, 




r 


e~KaiH approximation. 


Hence, if 
and 


^j^=the temperature at r~a at the time t 
Vo=the temperature at r=0 at the time t, 


Also 


a^a 

Vq a^a 


( 1 ) 

( 2 ) 


Kctx^ is given by (2) and by (1), remembering that 0 < <; tt. 

Thus K is obtained. 


*Cf. Riemann, Partielle Pifferentialgleichungen^ §§69-70, Braunschweig, 1869; 
Weber-Riemann, loc. ciL, Bel. II., §55. 
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Further, the original equation for a, namely 
aa cos aa-{-{ah—l) sin aa=0, 
gives the value of h.^ 

Ayrton and Perry used the second method in determining the 
Conductivity of Stone.f The temperature at the centre at time 
t is approximately 


r sin a^r dr 


But 

Ai Vqj- 


sin^air dr 

J 0 

Therefore 

^ _ 2^0 /SIR a^a— a^a cos a^aX 
^ ai Va^a— sinaiacosaja/ 

Thus 

^ sin a. a— a.a cos a.a 

v=2va ^ e-""!'* 

a^a— Sin a^a cos a^a 


II 

CO 

The value 

of n is obtained by two observations of the temperature, 


and n being known, the value of N may be found. Also a table of 
the values of the expression 

since— IT cosce 
ce— since cos ce 

will give ai from the known value of N, 

But n^Kcxi^, and thus the conductivity is determined.. 


67. Sphere. Surface r=a at Zero Temperature. Initial Tem- 
perature f (r, 0, (p). 

In this case the equations for v are as follows : 




1 d 
r^ sin d dd 



1 dH\ 
sin^d 


.( 1 ) 


v=f{r, 9, p), when t=0, (2) 

when r=a (3) 


Put where u is a function of r, 9 and (p only, and 

write />t=cos 0. 

Then we have from (1), 


dr^ r dr r^ d/u 



r^{l—jix^) d^ 


. 2 

^ = 


:0. 


(4) 


* Weber, R., Zurich, Vierteljahrsch. Natf. Oea., 23, p. 209, 1878. 
t Of. Phil. Mag., London (Ser. 5), 5, 1878. 
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Now the Zonal Harmonic P„(/a); •ra is a positive integer, is 
the coefficient of A” in the expansion of (1— 2/iA+A®)~^ and it 
satisfies Legendre’s equation, 

m 

Also w={l—fjL^y-‘D^Pn{M-) satisfies 

I; J )+ (“ <“+ '> - * 

where we have written D for ^ . 

It follows that the expression 

will satisfy (4) provided that R„ is a function of r only, and 

dr^ r dr \ r^ J 

This leads us to 22^==(ar)"'^J^^.^(ar), 

the solution being inadmissible, as it would make tend 

to infinity as r— >0. 

We are thus brought to the following solution of (1) : 

(«r) (1 - (/^) J'" m<h 

nlll 

m and n being positive integers. 

The condition at the surface is satisfied by (5), if a is a root of 

J^+i(aa)=0 (()) 

If, as before, we assume that/(r 5 6, (p) can be expanded in a series 
whose terms are of the form 

(arrV„+. («r)(l-M#P'”P«(M) " mcj>, 

OllX 

and that this series can be integrated term by term, we can find the 
coefficients in the expansion. 


*Byerly, loc. ciL, p. 196 (11), Boston, 189S ; Whittaker and Watson, Moflerii 
Analysis (3rcl Ed.), §15. 5, 1920. 

The second solution of this equation has an infinity at 0=%, and is tlms 
unsuitable for our problem. 
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For, let 

/(»•, </>)= 


1 1,1 

a in — On — 0 

X { ^ a, m, n COS mcj> , ft sin } , 


». «•, «« , Yfr T' I “tt, 

the summation in a being over the positive roots of (6). 
Then we have 

/(^3 0, (ji) cos mcp dcji 

® 1 n. 

-7r2 S 

a n—0 


a n—0 

Also we know* that 


I n^n\ j 

Therefore 

ri m r^TT 

j _j(l— dfi J /(r, d, (j>) cosmcp 




2^+1 {n—m) 

Finally, from § 56, we obtain 

Ca ,j m r^TT 

r- J„.|.,(ar) (ZrJ ^(1— cZ/* J f{r, 6, (p) cos m<pd^ 

In these results tt must be replaced by 27r when m = 0. 

Also Ba,„i,n can be found in the same way. 

Thus we are led to the solution of our problem in the form 

a m=0n — 0 

X {44a,w,ft cosm0+£a,,„,ftSinm^}, 

the constants Aa,m,n ^^ad Ba,m,n being determined as above, the 
summation in a being over the positive roots of the equation 
J n~\-l (uu) = 0. 


* Cf. Byerly, loc. ciL, § 106 ; Whittaker and Watson, loc, cit. (3rcl Ed.)> § 15. 51. 
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It has been shown in § 9 that, when the surface temperature is not zero, 
the problem m2by be reduced to a case of steady temperature, and a case of 
variable temperature with zero surface temperature. 

When the surface of the sphere is kept at ^ F((9, c/)), the steady temperature, 
or potential problem, is given by 

V%=0, through the sphere, 

(^), at the surface, 

and we have* 

I (2»+ 1)^-! r <#>') r) 

47r 0 \^/ *0 


where the ordinary notation of Spherical Harmonics is employed. 
The variable temperature problem will then be given by 


dw 

'dt 


— kV^w, 


w=f(r, &, when ^ = 0, 

w—0, when r=a. 

And the solution of the problem with which we started is 

v=u-^w. 

The corresponding questions, when radiation takes place at the surface, 
may be treated in the same way.f 


68. The Part of the Sphere r = a cut out by the Cone d = Oq. Surface 
Temperature Zero. Initial Temperature f (r, 6, ^). 

In this case the equations for v are as follows ; 
dv jd^v 2 9o 1 9 //■. 2 \ 1 


where ju=cos9, (1) 

when r=a and when 9=0q,’ (2) 

'v=f{r, 9, (j)), when t—0 (3) 

Proceeding as in § 67, we are led to the following solution of (1) ; 

v=e-'‘^'‘{a0Jn+i{ar) P-“(m) W 


where is the generalized Legendre's function J given by the 

equation : 

VI 


* Cf. Byerly, loc. cit, §114. t Of. Heine, loc. cit, Bd. 11., §§ 84, 85. 

jThe best treatment of the generalized Legendre’s functions will lie found in 
a paper by Barnes, Q.J, Math., London, 39, p. 97, 1908. 

It is obvious that (i^) is the same as P“’"(/a). 
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Also, in this case, 

m, is zero or a positive integer, \ 

n is a root greater than - i of Pv7”'(mo) - 

and a is a positive root of (aa) =0. J 

The surface conditions (2) are satisfied by the value of v in (4), 
and there is no infinity within the solid. 

If, as before, we assume that the function /(r, 0, can be expanded 

in a series whose terms are of the form 


(ar)"^ (ar) P->" (fx) m<p, 

bm 

and that this series can be integrated term by term, we can find the 
coefficients in the expansion. 

For, let 

f(r, 0 , S S (ar)-V„+5(ar)P,7“(M) 

a VI ’=‘0 n 

X {Aa, m, n COS + Pa, 97 , sin , 

the summation in n being over the roots greater than - J- of 
and that in a being over the positive roots of 

J ^4. j (ota)==0. 

Then we have 

f /{r, 0 , <p)GOSm<l>d<p=Tr'^'^Aa,M,n(or)~^'Jn+l{a'>')P-”^{/x). 

Jo an 

Also it is known that,* when m is any positive number and n, n' 
are two different roots greater than - 1 of P“’''(/xo) =0, 

f P,I>'‘(m) -?./■(/) 

*IjOt «=■?”“ (m) and «' = P“”‘(rt. 

Thon wo havo 

.)” »o. 


Therefore 


Al 

(iix\ 

JL 

d}i\ 


in' - n) {%' H- -jhH ) / ^ nu' d/x 
•Vo 




r .(hi, du'} ni 

K 


[Note continued^ p, 14(,). 


C.O.H. 
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Thus we have 

pi p27r 

Pn'' (m) /(^5 <9, 0) COS 

J 1^0 Jo 


^ p,;» ^^P„-“Uo) S (ar). 

Finally, from § 56, we obtain 

f r“ J„+i (ar) f P,7“(ai) cZ,a f /(r, 0, i>) cos mcpd^p 
Jo J Po 0 


. Tra^a -(1-Mo^) ^ p- 

2(2w-t-l) dn ^ 


'U)/-P,: 

»/Wo 




In these results tt must be replaced hj 2ir, when m = 0. 

Further Ba,m,n follows in the same way. 

Thus we are brought to the solution of our problem in the form 

S E Se-“*‘(a^)“^J^«+5(c«r)P,r"'(p) 

a m — On 

X (4a, 1 , 1 . n COS mcp + Pa. m, n siH ^0) , 

tbe constants Aa,m,n> Pa,m.« being determined as above. 

If tke solid consists of the part of the sphere r = a cut out by the cone 0 = 6 ^ 0 , 
and the planes the surfaces being kept at zero temperature, 

we expand/(r, 0, 4>) in the series 

CO JJ!E 

2 2 2Aa,TO,«(ar) Jn+i{ar) P<)i sin^™ </>, 

a m~l n ' <Po 

on the same lines as above. 


It follows that, when ?i, 71 ' are two different roots of P“”’'(/,to) = 0 greater 
than 




Also 




d 


;7r^l 

= _ G.r..^p"j A. n-m, 1 A. p-m, > 
271+1 dn^ n ^^o)> 


p:”(mo)=o. 


when 
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69. The Cone. 

The result of § 68, when the solid is bounded by the sphere r = a 
and the cone 0 = can be put as follows : 

2 (2n+l) J„,+i(ar)P, 7 ^''(//) 

, Zi ^ ^ :? “j 




‘'0 Jo 

the summation in nbeing over the roots greaterthan—| of (^o)=0, 

that in a over the positive roots of =0, and m being zero 

or a positive integer. But when m = 0, the result has to be divided 
by 2. 

The temperature problem for the cone 0 = 6q, when the surface is 
kept at zero, and the initial temperature is/(f, 0, c/>), can be deduced 
from (1) by letting a—>oo . 

Now it is known* that, when a is very large, 

J ^ ..j , I (aa) = —(^^ + 1) approximately, 


and thus 


1 (GLd) = — (aa-~{n+l)^^ approximately. 

If a, a+Aa are consecutive roots of (aa)=0, when a is 
very large, we have the approximations 


aAa-- 

=7r, 

1 

(j'n+\ (aa)) ^ 

2a 

2 - 

Tra a 

Aa‘ j 


Using these results, and remembering that the summation in a 
will become a definite integral, the solution of our temperature 
problem for the cone is as follows : 

1 M-A \:-A {2'yi-{-l) Pji (^x) 


ss 


d 


d 


xr= (1-^0^) m=« n ^ p-«, 


r 

Jo 


(ar) da 


: {aT')dr' r (P,7" (//))2c?/r/(/, 6\ Cj/) cosm(0-0O d<j>\ 

Jo J ^0 Jo 


* Of. Watson, loc. cit., §7. 21 (i) ; Gray and Mathews, loc. cit., p. 40. 
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the summation in n being taken over the roots greater than of 

In the term corresponding to m = 0, as noted above, tt must be 
replaced by 27r. 

If the solid is the part of the cone ^ = 6^0 cut off by the planes (/> 0 and 
— the remark at the end of § 68 applies. 

The general case when the surface is given hy 

<^=0 I 

r=h J 6~6iJ = J 

can be treated in the same way. The results are more complicated as Bessel’s 
functions of both kinds, and the generalized Legendre’s functions of both 
kinds, must now be taken into account. 


CHAPTER IX 


THE USE OF SOURCES AND SINKS IN GASES OF 
VARIABLE TEMPERATURE 


70. Instantaneous Point Source. 

Suppose that a sphere of radius a at temperature Y is placed at 
^ = 0 in an infinite solid of the same material at zero temperature 
and left to cool. 

If u=vr, we know from §64 that the temperature v at the time 
t is given by the equations : 


du d^u 

\ 


when ^=0, 0<r^a, 

w=0, 

when ^=0, a, 

M = 0, 

when r==0. 

The solution is thus known (§ 18) to be 

y f 

a / (.r-ry (rfr')\ 

r'[e ~e jd/ 

2rJ(wKt)] 

V 

r« t.1. / vL \ 

”~4Ki 1 rp. — P 2/ct ) 

2rj\-n-Kt) 

Jo \ / 


Expanding the integrand in powers of r', and assuming that a is 
small, we obtain the approximate solution 



Let 


*This method is due to Kelvin. Of. “Compendium of the Fourier Mathe- 
matics for the Conduction of Heat in Solids,” Mathematical and Physical Papers, 
Vol. n., p. 41. See also, Hobson, London^ Proc, Math. Soc., 19, p. 279, 1889 ; 
Rayleigh, Phil. Mag., London (Ser. 6), 22, p. 381, 1911. 
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Tiien this result can be written 

Q 




4/cJ 


1 + 


Kt 


A 


Now let the radius of the sphere tend to zero, Q remaining 
constant, and we are led to the following solution of the equation of 
conduction : 

^ ( 1 ) 


where r^=x^~\~y^A^K 




As t-^0 this value of v tends to zero everywhere except at the 
origin, where it becomes infinite. Also if we integrate v through 
the infinite solid at any time {t> 0) we obtain Q, 

The distribution of temperature given by (1) is said to be due 
to an Instantaneous Point Source of Strength Q at the origin. For 
an Instantaneous Point Source of Strength Q placed at the point 
{x', y\ z'), we have in the same way 




Q 

(2-v/(w/ci5))® 


e 


4Kt 


This is the fundamental solution of the equation of conduction in 
three dimensions. The quantity of heat concentrated at the source 
is Qpc. 


We might have started with a cube whoso edges are of length //, iiistc'ad 
of the sphere of radius a. If this cube is placed in the infinite solid as above 
and left to cool, we would have (§16) 

(a; -a?')® -1- ( 2 / - ?/)» -1 ■ (z - 2 ')* 




V p rift 


4Kt 


dx' dij dz\ 


the centre of the cube being at the origin and its edges parallel to tlic axes. 
This leads to the approximate solution, 


Q 


(2^(7rK«))^" 

where Q=PF. 

Also letting A->0, we have 


4 kC 


-'V wm } 


as above. 




iKt , 


For Q write <l){t')dt' in (1), change I into {l—t') and integrate 
from 0 to t. 
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Then we have another solution of the equation of conduction, 
namely, 

(2s/(^/c))Jo ^ ^ ^ ' 

.This distribution of temperature is said to be due to a Continuous 
Point Source of Strength (j}{t) from t~0 onwards. 

If (/) {t) is constant and equal to q, we have 


h\‘' 

rj J 0 

q r 

:t ;t I 

TT'k'^ J 1/ 




dt' 

{t~~tff 

e dr, on putting 


Jit—t ) 


Let t~>oo and this reduces to v=ql4c7rKr, a steady temperature 
distribution where a constant supply of heat is continually intro- 
duced at the origin and spreads outwards in the infinite solid. 


71. Spherical Surface Source. 

Again let a spherical shell a<^r<Ca-{-h at temperature V be 
placed at i5=0 in an infinite solid of the same material at zero 
temperature and left to cool. 

The temperature at the time t will be given by 


y / O'-"*' r \ 

1 rie — e )dr\ 

2r{7rKtYi<^ ^ ^ 

Put Q-==^ ;^ 7 r{(a+hf‘-d'^)V, and let A->0, Q remaining constant. 
Then we obtain another solution of the equation of conduction, 
namely, 

.u"' 4Kt y 




%7rar{7rKt) 


This is the temperature due to an Instantaneous Spherical Surface 
Source of Strength 

The temperature due to a Constant Spherical Surface Source of 
Strength q will be obtained by writing q dt' for Q, changing t into 
{t'-t'), and integrating from 0 to t. 


* This solution can also bo obtained by distributing the Instantaneous Point 
So\irccs of § 70 uniformly over the surface of the sj)here and evaluating the surface 
integral. 
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Then we have 


where 




jr-Va)^ 


8ar7r-/c- Jo 

= __i 

^afKTT 
1 




Ui/a/J T*^ 

j and 7t-^(r"|-a)^. 


For tlie steady temperature ]jroblenij let ^->oo, and wo obtain v^(ll^TrKi\ 
when r>a, and v=q/A7rK(C^ when o'<a. 


72. Instantaneous Line Source. 


Let the whole of the xy plane be initially at iscro temperature 
except a square with centre at the origin and edges of length h 
parallel to the axes, the initial temperature of this square being 
constant and equal' to V. 

This two-dimensional problem has for its solution (§47) 


7 pA m , 

47r/cU--^/J 


•iKi 


•V'Y 


dx' dy\ 


Now let 7i“->0, while VTi^ remains constant and equal to Q, 
Then, in the limit. 



a ;*+?/8 
’ iKt 


This is the temperature due to an Instantaneous Line Source 
coinciding with the axis of z of strength Q. When the source coin- 
cides with the parallel to the axis of z through (x\ y\ 0), wo have 


v= 


A. 

^TTKt 


e” 4 >ct 


( 1 ) 


This is the fundamental solution for two-dimensional problems, 
and it is usually referred to as, due to an Instantaneous Source of 
Strength Q at (»', y'). It will be noticed that the quantity of heat 
along the source per unit length is Qpc. 

Using polar coordinates, (1) may be written 


4nrKt 


e 


(0 — 9 ') 

} 


V - 
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and this reduces, with the aid of a well-known integral in Bessel’s 
functions,* to 




I a G~ 
0 






where cos (0 — 0). 

The solution for the ImUtnlaneous Cylindrical Surface Source of 
Strength Q corresponding to the Sflmical Surface Source of §71 can 
be obtained by distributing Line Sources uniformly over the 
cylinder 

In this way the temperature at the time t at a point distant r 
from the axis is given by 


. Q V 


AkI 

Jo 

riaf\ 


tie' 


AKt J 


^TTKt 

73. Instantaneous Plane Source. 

Again let the infinite solid, except tlie slice between tJie planes 
±'|/^ be initially at zero temperature, this portion being 
initially at the constant temperature V. 

Then we have (§ 16) 

7 




' e dx'. 


Now let A~>0, while Vh remains constant and equal to Q. 

0 

Then, in the limit, ' — 


'27(x/ci)" 

This is the temperature due to an Inatanianeous Plane Source of 
Strength Q over the plane x—i). If the source coincides with the 
plane x—x', we have 

Q 




2 ^ (wkI) ^ 


iKt 


This is the fundamental solution for linear flow. The quantity of 
heat per unit area concentrated on the plane is Qgc. 

For the case of flow of heat along a rod it is usual to refer to 
this' solution as due to a Point Source at the point x'. 

The diagrams in Figs. 9, 10 illustrate graphically the distribution 
of temperature due to this Instantaneous Point Source. The dotted 

* Of. Gray and Mathews, loc. cit., i:). 77 (158). 
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Fig. 10. 


Tlio tciiipcraturo at tlio point (;r, ;//, 0) duo to a uniform diHtvibution of h(',at 
oil tho piano u! - •() at tho time ^ =0 could also bo obtained by using tho polar 
oleinont of area in that piano. 

In this way wo have 


{2>sJ(7rKt)yVQ 


/) (If) (IB. 
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It follows from (1) and (2) that 

/■•OO t ' \ _ V" 

Jo = 

This is one of Weber’s integrals in Bessel’s functions, and a physical inter- 
pretation of the other integrals can be obtained by considering a more general 
distribution of heat along the plane 2 /= 0 .* 


74. Doublets. 

We have seen that 


n _ U-.cOM- (v/-y)°-| .-j'P 


is a solution of the equation of conduction 


It follows that 
dv 


or 


Q(x-~x) 


dx^ :^/c^(2V(7r^0)"^ 
is also a solution. 

This can be obtained by combining with a source of Strength Q' 
at {x'+dx\ y', z') a sinkf of strength —Q' at {x,' y/ z'), letting 
dx'^O, and putting Lt {Q'dx')=Q. 

For the temperature at {x, y, z) due to the source and sink 
is given by 

& r _ kx-x'YHu-v'Y-\ 

— .vsole -~e 




Thus 

>0 = 


O' _. U~a;')H(y-yO=»+(.2-gO ^ 

^ 0 iKt 


(2V(7r/c0)^ 


- 2(,x--x')dx’-idxV 

e -1 


Q'dx' 


(x-x'y+iy-^i/y-tCs-z'y 
4Kt 


Proceeding to the limit, we obtain 


+ higher powers of dx'. 


jf-i 




where 


R^={x-xy+{y-yy+(z~z')\ 


•( 1 ) 


* Of. Rayleigh, loc. ciL, p. 384; Gray and Mathews, loc. city p. 78 (100). 
i When the strength of a source as defined in § 70 is negative, it is called a sink. 
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The distribution of temperature in (1) is said to be due to an 
instantaneous po%nt do^iblet of strength Q at {x\ y\ z^), with its axis 
parallel to the axis of x. 

Corresponding definitions apply to the doublet in linear flow at the ■ 
po%nt x', and the line doublet at {x\ y') whose axis is parallel to the 
axis of X in two-dimensional problems. 

The temperature at the time t due to the two doublets just named 
will be 


Q{x--x') 

. T a 'a 

47r'/c“i5“ 


e 


and 


V 


Q(x—x') 


(a;~a;^)a+(2/-?/)= 

4Kt 


The extension to the continuous doublet of variable or constant 
strength is obvious. For example, the temperature due to a con- 
tinuous doublet of strength (p (t) at the point x\ in the case of linear 
flow, is given by 

(x—x'Y 
4 k a -t') 


_{x~xf)ct , 


(t 


Substitute x—x' = 2K^(;t—t'fa, and we have 


and 


Thus 

and 


1 

»00 

e-^\p\ 

Oi—X' * 

(- 

{x-x'Y' 
4vca^ , 

)da, 

when 

X>x', 








_ 1 

r* — CO 

1 x-x! 

(>- 

(x^x')^ 
4<Ka^ . 

^da, 

when 

X ■< x'. 


W(««) 







(•CO 

e~‘^‘ da- 
ta 

2/c 






Thus, in the case of linear flow in the semi-infinite solid a? > 0, 
the plane 0 can be kept at temperature <p{t) when ^ > 0, by placing 
a continuous doublet of strength 2K(p{t) at a;=0. [Cf. § 23.] 

In two-dimensional problems the boundary y=0 can be kept at 
temperature f{x, t) by placing a continuous doublet at {x', 0) with its 
axis parallel to the y-axis and strength 2/c/(cr', t) dx\ and integrating 
along the axis of x, A corresponding result holds for the three- 
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dimensional case when the plane is to be kept at temperature 

f{y'. t),^ 

75. The Method of Images. 

The method of images, which plays so important a part in the 
Mathematical Theory of Electricity, is peculiarly adapted to the 
solution of problems in Conduction of Heat, when the solid is 
bounded by planes, and these are kept at zero temperature. We 
imagine the solid to be continued in all directions without limit, 
and we then obtain, by a suitable distribution of sources and sinks, 
a temperature function vanishing on the boundaries, with the 
required singularities (sources, sinks, etc.) in the solid. The dis- 
tribution of sources and sinks outside the solid is in this case deter- 
mined by taking images of the original distribution in the solid. 
We shall see in next chapter that the temperature due to a single 
source in the given solid, when its boundary is kept at zero, is of 
considerable importance in the solution of the general problem 
of conduction for that solid. 

We proceed to discuss difEerent types of problems whose solution 
can be obtained by the use of sources and sinks in this way. 

Linear Flow. 

I. Semi-Infinite Solid Initial Tem^^emtnre Zero 

Temperature at the Boimdary ic==0. 

Consider the source of strength f(x')dx' at the plane x'. Wo 
may take the initial temperature as due to a distribution of these 
sources along the positive axis of x. 

With the source f{x')dx' at x\ we associate the sink —f{x')dxf 
at -a;', as these two give zero temperature at ir—O. 

Hence v = tttt — 1 ^ ~ r dx!. 

II. Finite solid bounded by the planes x—0 and x—a. Initial 
Temperature f(x). Bounding Planes kept at zero. 

Starting with the source/(a:')cZa?' at x\ we have to take the images 
of this source in the planes and x=a^ a source and a sink 
alternating so that the boundaries may be kept at zero. In this 
way we have sources at the points x'+2na and sinks at the points 
where n is zero or any positive or negative integer. 


* This statement can be verified from the results of §§ 8G, 87. 
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Thus we have finally 




~ 00 


~'^naY \ 

jd'^d (1) 


We have already in §30 obtained another expression for w in 
this case, namely, 

2 ^ ./V V. .7_ , 


. nir ~K t , 7 , 

sm — xe /(rr ) sm — x dx \ 


which may be written, when t > 0, 


o co> 


. nir . nir , , 

sin — ccsin^ — xe " ax. 


We proceed to show that these solutions are identical. This 
may be proved by the properties of the Theta-functions * or with the 
aid of the following theorem : 

If f{x) is an even function of x which can he expanded, as also 
f{x±:^na), in a Fourier's Series of Cosines of multiples of Trxja, then 


2/(!»H-2wa)=:^d f{x)dx+^'^cos^^ x\ f{x')cos~x'dx', 
a-jo I ^ Jo 

provided the integrals are convergent and the series converges. 

Since /(®)=Jf V® f /(a^') cos-Jaj'fZa:', 

and f{x+ 2na) ^ f f{x' H- ^na) dx' 

^Jo 

+ “ X ^ f / 

Jo ^ 

a]^2.nn ^ ^ Jsnfl ^ 


1 9 •■f M.JJ. f2wff 

and /(a:— 2na)~-| /(a^O cos— x 1 /(*') 

aJ(o„.i)n aV « J(2»-i)rt 


nTT r 1 t 

cos X dx , 
a 


it follows that 


/ 1 /*oo 9 00 ^ roo 

^f(x+2na)^^^^^J{x')dx'+^^^ cos~^ 


) cos'^— x' dx'. 
a 


* Of. Poincare, Th6orie de la propagation de la Chaleur, p. 91 ; Whittaker and 
Watson, loc. cit. (^Jrd Ed.), p. 475. 
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Let/(x) = e and we have * 
{x-{-2naY 


y; 


If” -fi j < . 2 r 

=- e — >,cos — a; 1 

ajo « 1 « 


Therefore 

rys {x-x'-\-2naY 

2 e -- 

— cc 

and 

(SO _ (x+x'+^na Y 
2 ^ 4/ci :: 


_J{lTKt) 


_ J {TTKt 


[1+22 


nir 

cos — xe 
a 


e 

0 

.vs 


^TT , 7 , 
COS - X (lx 

a 


n-ir^ /I 

-K f- 


_J{'rrKt) 


1 + 22 {x — x')e 
. 1 


l + 22cos — (a?+a;') 
1 ^ 


.(3) 


.(4) 


Using (3) and (4) the solntion (1) reduces to 

-y=_ f{x )^e ^ sm — (Tsin — a; & . 

aJo 1 a a 

III. The Same Solid, Initial Temperature zero. Boundary = 0 
hept at temperature <^i{t). Boundary x — a Tcept at zero. 

Starting with the Continuous Doublet of strength 2/c0i(i5) at 
a: = 0, which would keep x—a at temperature (j>i{t) if the solid 
extended to infinity, we have to take an equal doublet at x — 2a 
to keep the plane x-a 2 it zero ; and so on. 

Thus we have doublets of strength 2K(j)i{t) at the points 2na, 
n being zero, or any positive or negative integer. 

Therefore 


'27(7 


f-if 

{tk)}o 


(a;+2ng) *\ 
“■ 4 /c(t- 0 ” ' 


)df/. 


A corresponding result may be obtained for the case when the 
boundary 03=0 is kept at zero and a3=a at and by addition of 
these solutions we are led to another form for the expression for the 
temperature in the problem of § 34. 


76. Application of the Method of Images to Fourier’s Bing. 

I. Ring of Unit Radius. Source of strength Q at x=0. Initial 
Temperature zero. 

Consider the problem of the rod — tt < a? < tt, with a source of 
strength Q at a3=0, and no flow of heat across its boundaries. The 


* Cf. footnote p. 30. 


IN CASES OF VARIABLE TEMPERATURE 


161 


solution is obtained by putting equal sources at the points 2n-!r, n 
being any integer, positive or negative; and the temperature is 
given by ^ „ _<*±^ 

It is clear that all the conditions for the temperature in the ring 
are satisfied by this solution. 

II. Ring of Unit Radius, Initial Tem,'pemture v—f{ocf 

Since, as above, the temperature due to a source of strength Q 

- ^ p ^Kt 

2^(7r/c^)" 

for the initial distribution /(a;) we have 

1 « / (x—x' +2nir)\ 

Using § 75 (3), this reduces to 

'”^ 27 (^ 7 7 ^ 1 ) I _ T (l+22cosn(a:-a;')e-''”“«)pa;' 

J f{x') [1 +22 cos n {x—x') dx', 

as in § 12 * 

77. Application of the Method of Images to the Infinite Solid. When 
-00 < X < 0 the conductivity is Kg, and when 0 < x < oo the conductivity is 
Ki . Source at x'(x' > 0). 

We reiiuire a solution of the equations : 

__ — Ki , (^ > 0) (1) 

'dv2_ fc)\ 

Vi=Vzj when .t;=0, (3) 



and Lt 'i>i = 0, except at where Vi is to take the form 

CssO 

r p iKit (S') 

and Lt V 2 —O. (.v<0) (6) 

t^o 

* Of. Niven, London^ Proc, P. 3oc., 76 (A), p. 41, 1905. 

L 


0.0. H. 
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Differentiating (3) and (4) with respect to t and using (1) and (2), we have 

^.2 -PC 




and 


V. 

'dh^ __ ^ 0^?’2 




0,j.2n+l '^2 0 ,^,271+1 


Now, using Maclaiirin’s Theorem, 

»2 = 0’»)o+-* 


\avJo 


+ ... , 


we have 


where 




_ AiJk 2 

A2\//<i 


This holds for any integral of (1), (2), (3) and (4). 


Take first the expression 
which satisfies (1). 


1 

Vi_='-r e ; 

sjt 


.( 7 ) 


Then we have 


l + a 1-a - 

4kP +_« 

1 + a i_„ . 


_ ( \^(*ca/«2)a;+a;0 ^ 
4Kii 


.( 8 ) 


Now it is clear that this is not the solution we require, as tlie second term 
involves a source at the point - n/(/< 2 //<i) a’" in the part of the solid where 
-00 < ^ < 0. We ax'e able to obtain the true solution hy considering what 
we would obtain from a sink at — as this second term 

requires, in the same way as above. 

Exactly as in (8) we have, corresponding to the solution of (2), 

ix+^r- 


1 — ~ 


2...(l + i) 

So that in the case of 


6- 

y 






AK^t 


/•I \ (xA'^/ji^i/i^x) X ) - 

AK.,t 


.( 9 ) 
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we have 




-(-SGt)--— 


Adding the solutions (7), (8), (9), and (10), we have 

')i 


% — + 


‘iKii 


and 


1 + a 


4a J 
(a;— V( /co//c i) 


l~a^ 1 
4 a 


( x+xy 

4icit 


which satisfy all the conditions of the problem except for a numerical factor 
in the strength of the source at .v\ 

We obtain the actual solution l)y dividing both by 

(a + l)V(7rKi) 

2 a ’ 


and thus liave 


and 


(.r.+xy 

1 _S£ziO-,a-l e 

^ *** a + 1 2^y(7rKi<) * 

Q.’ — A/(Ko//<i).f .02 

_ 2 a 

'’'“l+a2Ay(7rx;7) 


(.r>0) 


{.V < 0 ) 


Thus tlie temperature at any time t in the part .v > 0, is the same as if the 
whole solid had been of that material and another source of strength 

A 1 + A 2*^^! 

had been placed at - x :' : and the temperature in the part .-r < 0 is the same 
as if the whole solid had been of that material and a source of strength 

^AiK2 

(Ain//<2 + A2/s/Xi)’ 

had been placed at N/(K2//<i).t.‘'.* 


78. Applications o£ the Method of Images in Two or Three 
Dimensions. 

I 

I. Semi-Infinite Solid, x>0. Initial Temperaiure f{x, y). 
Boundary cc=0 hejpt at zero. 

Starting with the line source of strength f{x', y')dx' dy’ at (x\ y'), 
we must take an equal sink at {—x', y') to satisfy the condition 
at the boundary. 

Hence 

1 poo ^00 { (,x -x'f-^{y-yy (ig+a;0H ( 2/-yT \ 

]^y'- 


* Cf. Sommerfeld, Math. Ann., Leipzig, 45 , p. 266, 1894 ; Weber, Qdttingen, 
Nachr. Ges. I^w., p. 722, 1893 ; Weber-Riemann, loc. cit., Bd. II., § 40. 
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II. Semi-Infinite Solid, x> 0. Initial Temperature f{x, y, z). 
Boundary kept at zero. 

Starting with the point source of strength f{x', y', z')dx' dy' dz' 
at {x', y', z'), we take an equal sink at {—x', y\ z'), since these give 
zero temperature at a3=0. 

Hence 


fi2J(7rKt)) 


ofU-J- 



where R^={x~~x')^+{y-‘y')^+(z—z')^ 

and E'^=={x+x')^+{y—yy+{z—z')^.^ 

III. The Wedge of Angle Trim, where m is any positive integer. 

The two and three-dimensional problems given above in I. and II. 
are special cases of the wedge of angle Trim, where m is any positive 
integer. We shall now treat this problem, confining ourselves to the 
two-dimensional case of a line source at the point (x', y'), the edge 
of the wedge coinciding with the axis of z. The three-dimensional 
case of a point source at {x', y', z'), and the extension to the general 
problem of an .arbitrary initial temperature offer no difficulty. 

Taking cylindrical coordinates, the surface of the wedge is sup- 
posed given by the planes 0=0 and 0 == 7 r/m; these planes are to 
be kept at zero temperature. 

Within the wedge we have 0 < 0 < 7 r/m. 

Let the source be placed at the point Po whose coordinates are 
{a, a). 



Let the circle through Pq with its centre at the origin cut 0=0 
and 6 =^ 7 rjm at A and B (Fig. 11). 
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TLen the angles AOP, FOB and AOB are a, /3 and y, where 
^=7rjm—a and y=7rlm. 

Start with the unit source at Pq. 

To give zero temperature at OA we put a unit sink at P^, the 
image of Pq in OA : i.e. at (—a). 

To balance the sink at Pp in OB, we put a source at P^, the image 
of Pj in OB : i.e, at 

To balance the source at P^ in OA, w'e put a sink at P3, the image 
of P2 in OA : at ~(a+2y) : and so on. 

In this way we have the set of images P^, P2, , where 

PoP2=P2P,--^=2y, 

' PxP3=P3P5-..=2y. 

Also P2m-i at — (a+2(m— l)y). 

Thus Po^^2m-i +2^ =2a +2 (m — 1 ) y -1-2/3 = 27r. 

Therefore P2m-i coincides with the image of P in OB, and the 
set of images is closed, Pa^-i being the last. 

Also these sources and sinks give, with the source at Pq, zero 
temperature over the planes 0=0 and 9 = 7 r/ni. 

The temperature at (r, d) due to this system is 

2m-l 

«= 2 (-i)x (1) 

s=0 

where is the temperature due to a unit source at Pg in the infinite 
solid. 

But we have seen in § 72 (2) that the temperature at {r, 6) due to 
a unit source at (r', 6') is 

^|\e-'=^Vo(Ai?)cZA, 

where R^=r^+r'^—2rr' cos {9—6'). 

Using Neumann’s expansion * 

J 0 {\R) =Jo(Xr)Jo (Ar') + 2 ^ Jn M (A/) cos n {6— 6'), 

1 

this may be written as 

^ f cos^^{0— 0') 

^‘TTJo _co 

^ S n(0 — 0')J J,i(Xr) J„(Xr') c?X. 

* Cf. Gray and Mathews, loc. ciL, p. 27 (690- 
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It follows from (1) that 

1 X m - 1 

v = ;^~ ^ ^ (cos (0-~tt“-26*y)~cos >i(0 + «+25y)) 

X JJXr) J^{Xa) d\. ...(2) 

Jo 

AFlien n is not a multiple of m the series in s has zero for its sum ; 
and when it is a multiple of m, its sum is equal to 

27}i sin fid sin na. 

Thus, from (2), we obtain the solution of our problem of the unit 
source at the point (a, a) in the wedge 0=0, Q^wjm, in the form 

^sin^0sin^a f \e-^^'^Jp^{Xr)Jpjr{XcL)dX, (3) 

y y y Jo 7 

where, as above, we have written y for Trim, 

For the three-dimensional case, we start with the expression 

1 2rr' cos (g— g')+(c— s')- 

corresixmding to the unit source at (/, 0\ z'). 

Proceeding on the same lines as above, we obtain the solution of our 
problem in the form 

Jz-zT 

= ^—~r — ;r 2 sin — 0 sin ~ a / Ae - jottC Ar) J p 7 r( Ar ') dX. 

y y k 7- Y 

7d. Sommerfeld’s Extension of the Method of Images. 

The method of images as used above for the wedge of angle 
where m is any positive integer, fails when the angle is n7r/m, where 
m, n are both positive integers, prime to each other. 

For example, when the angle is a right angle, and the given 
source is at P^{r\ 0'), where 0 < 0 < the images are as follows : 

a sink at Pi(r', —0) : a source at P^{t\ 7 r+ 0 ') ; 
and a sink at P^{r\ -tt-O'), (Cf. Fig. 11.) 

But when the angle is 2-^/3 and the given source is at 
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<9'), where 0 < 0'< 27r/35 the successive images are as 
follows : 

a sink at Px{r\ —O ') : a source at pj^', j 

a sink at P^{r', —^—0 '^ : a source at P^{r', ^+0') 5 
and a sink at P^{t', —^—6'^ (Fig. 12.) 



As the expression for the temperature due to a source is periodic 
of period 27r, and the sink at Pg gives a singularity corresponding to 

a sink at (r', the method fails. 

However, for the complete representation of the solid we need only 
the region 0 < 6^ < 27r/3, and if we can find a solution of the equation 
of conduction which has a period 47r and only one singularity in that 
interval, and this of the proper kind, viz. 

0 4Kt Q 4/ci 

w ” (V(rf))” 

we can use this solution as we did the ordinary expression for the 
temperature of a source and take the images at the points named 
above. 

This method, as originally introduced by Sommerfeld, really 
amounts to considering a solution of the equation of conduction on 
a suitable Kiemann’s Surface (or Space). For the angle n7r/m, the 
Riemann’s Surface (or Space) will be an ^-fold one, and the* solution 
will have a period 2n7r. The method is of historical interest because, 
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after applying it to the heat problem of a source in the region 
bounded by the planes ^—0 and 0=27r, Sommerfeld by its aid 
gave the first exact solution of the diffraction of waves by a semi- 
infinite plane {e.g, (9=0). But a simpler method of treating these 
questions both from the equation of conduction of heat and for the 
other partial differential equations of mathematical physics has now 
been evolved.* For this reason it wiU be sufficient here only to 
give references to Sommerfeld’s and other papers in which the 
Riemann’s Surface idea is used.t 

We return to the problem of the wedge in § 90 and the solution 
obtained in §78, III. (3) for the angle Trim will be found to be 
true for the wedge of any angle. 


* See below §90 and papers by the author in London, Proc, Math, Soc. (Ser. 2), 
8, 1910 and, 18, 1920. 

t Sommerfeld, (1) Math. Ann., Leipzig, 45, p. 274, 1894, and 47, p. 317, 1896 ; 
(2) London, Proc. Math. Soc., 28, p. 395, 1897. Schwarzschild, Math. Ann,, 
Leipzig, 55, p. 177, 1892. Carslaw, (1) London, Proc. Math. Soc., 30, p. 121, 
1899; (2) London, Rep. Brit. Ass., p. 644, 1900. Hobson, Cambridge, Trans. 
Phil. Soc., 18, p. 277, 1900.' 


CHAPTER X 


THE USE OF GREEN’S FUNCTIONS IN THE SOLUTION 
OF THE EQUATION OF CONDUCTION 

80. Introductory. 

. The use of Green’s functions in the theory of potential is well 
known. The function is most conveniently defined for the closed 
surface S as the potential which vanishes over the surface, and is 
infinite as I/r, when r is zero, at the point P(x', z') inside the 

surface. If this solution of the equation V^d^=0 is denoted by 
G{P)^ the solution with no infinity inside S and an arbitrary value 
V over the surface is given by 



d 

denoting differentiation along the outward drawn normal.* 

We proceed to show how a similar function may be employed 
with advantage in the mathematical theory of the conduction of 
heat. In this case we shall take the Green's function as the temperature 
at {x, y, z) at the ti'ine t due io an instantaneous point source of strength 
unity generated at the point P{x', y', z') at the time t, the solid 
being initially at zero temperature, and the surface being kept at zero 
temperature. 

This solution may be written 

u=F(x, y, z, x', y\ z\ I—t), {t > r) 
and u satisfies the equation 

= ({>t) 

*Cf. Clerk-Maxwell, Electricity and Magnetism, Vol. I., §97 (6), and Webster, 
Electricity and Magnetism, p. 290. 
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However, since t only enters in tke form {t—r), we have also 

(t<«) 

Further, Lt(w) = 0 at all points inside 8, except at the point 

t — 

(x\ y\ z'), where the solution takes the form 

Finally, at the surface 8, u=0. (r < t.) 

Let V be the temperature at the time t in this solid due to the 
surface temperature 0 (x, 2, t) and the initial temperature/(a;, y, z). 

Then v satisfies the equations 

(i>0) 

v—f{x, y, z) initially, inside 8, 
and v=<p(x, y, z, t) at 8^ when t > 0. 

Also, since the time r of our former equations lies within the 
interval for t, we have 

{T<t) 

v—(j>{x, y, z, t) at the surface. 

Therefore ™ (uv) =u~+v ^^—ic\uV^— 
and 


I [|||^ ^ [11 ” vV^u) dx dy dr, 


the triple integration being taken throughout the solid, and e being 
any positive number less than L as small as we please. 

Interchanging the order of integration on the left-hand side of 
this equation and applying Green’s Theorem to the right-hand side, 
we have 


JJl(t^u)r=f-ccJir dy £^2 — dy d'. 


dv du 
dn dn. 


d8\dT 
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^ denotes differentiation along the inward-drawn noriiiai. 

and we have used the condition that u vanishes at the surface. 

Now take the hmit as e tends to zero. The left-hand side gives 




,j(r),^^(fxdf/dz. 


the first integral being taken through an element of volume including 
the point P{x', y\ s'), where the function a becomes infinite at 
t~T, the second integral being taken through the solid ; and 
stands for the value of v at the point P{x\ }j\ z') at the 
time t. 


But since is the temperature at the time f due to a source at 
{x\ y\ z') at the time r, 

di/ dz=\, 


and we have 


= j|j(w)r=o/(a:, y, z)dxdydz+K^^ 

as the temperature at x\ y\ z' at the time t due to the initial dis- 
tribution /(cc, z) and the surface temperature (f>{x, y, z, 

In the case of Radiation at the surface, the Green's function u 
is taken as the temperature at {x, y, z) at time t due to an instantaneous 
point source of strength unit generated at {x\ y', z') at time t, radiation 
taking place at the surface into a medium at zero temperature. 

The temperature at P{x\ y' , z') at the time t due to an initial 
distribution /(cc, y, z) and radiation at the surface into a medium 


* This discussion is due to Minnigerode, and was published in his Gottingen 
Dissertation, Uber die W drmeleitung in Krystdllen, Gottingen, 1862. Cf. also 
Betti, (1) Ann. delle Universitd Toscane, 10, p. 143, 1868, Pisa; (2) Ann. Maty 
Milano, 1, p. 373, 1868 ; (3) Alem. Soc. lialiana delle Scienze (Ser. 3), 1, p. 373, 
1868, Firenze ; (4) Collectanea Mathematica inedita in Memoriam Domenici Chelini, 
p. 238, 1881, Milano. Sommerfeld, Math. Ann., Leipzig, 45, p. 274, 1894. Weber- 
Riemann, loc. cit., Bd. 11., § 52, and papers by the author, (1) Phil. Mag., London 
(Ser. 6), 4, p. 162, 1902 ; (2) Edinburgh, Proc. Math. Soc., 21, p. 40, 1903 ; (3) 
London, Proc. Math. Soc. (Ser. 2), 8, p. 365, 1910. See also for application to 
the equation (V 2 + /c 2 ^^™()^ Pockels, Uber die Partielle-IHfferentialgleichung 
(V2 + K^)u=0, Tl. IV. §4, Leipzig, 1891; Schwarzschild, 3£ath. Ann., Leipzig, 
55, p. 177, 1902. 
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at temperature (j>(x, y, z, t) follows from a discussion similar to 
that given above. We find in the end 

[wp](=|j|(!i)r=o/(a:, y, z)dx dy dz+hj^^ 

=|jj(“)T=o/(a:,2/, z)dxdydz+K^^^(^^<l>(x,y,z,T)d^dT, (2) 
since at the surface ^ — hu, 

dUi 


and our result takes the same form as in (1). 

The solution of the general problems in conduction of heat is thus 
reduced to the determination of the Green's function for the sohd 
in which the temperature is required. 

In the case of linear or two-dimensional flow of heat results 
similar to (1) and (2) can be obtained at once. Instead of an 
infinity of order .. 

^ p 4/cf 


we have 


2,/M)' 


~-iKt 


and 


4i7rKt 


iKt 


respectively. With this change the equations which correspond to 
(1) and (2) will be 


bp]t=J(M)T=o/(2:)«?a:+/rj^ ip{T)^dr, (3) 

and [vp\=^Yu)r=^f{x,y)dxdy+K^~^<l>{x,y,T)^ds dr, (4) 


where the integration with regard to s is along the bounding arc. 

In the articles which follow we shall employ these theorems in 
solving various problems in the conduction of heat. Some of them 
have already been discussed by other methods, the possibility 
of the expansion of the arbitrary function in the form required in 
the solution being assumed. This assumption will not now be 
necessary- 

81. Linear Flow of Heat. Semi-Infinite Solid bounded by x=0. 
Initial Temperature f (x). Boundary kept at Temperature (j> (t). 

In this case the Green's function, or the temperature at (x, y, z) 
at the time t due to the unit source at {x\ y', z') at the time t, is 

jx-ixf)' (g-f a;')- 1 

g 4x{t-T) g 4/c(f~T)l 


2,/('!r/c(i— t)) 
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It follows from § 80 (3), with a slight change in the notation, that 
the temperature at (x, y, z) at the time t is given by 


X p 

2^/('7rA:) Jo 


Uii-T) 




~dT, 


which agrees with § 23. 

82. The Same Solid. Source at x' at t=0. Radiation at x=0 
into a Medium at Zero. 

We start with the solution for a unit source at x' in the infinite 
solid, namely 1 


2,/M)' 


(x-xy- 


Since 

it is clear that 


/tt 


I 6-“*^"cos2&c^rc==~‘ e “*,* 
Jo 


{x-xy 

AkI 


=-i r 

“27rj_ 




.(1) 


2J{'7rKt) 

Consider the integral 

^ (t > 0) 

over the path (P) in the a-plane of Fig. 14, this path being 


-CO O 

The path (P) in the a- plane 
Fig. 14. 

chosen so that at infinity on the right the argument of a lies between 
0 and Jtt, and on the left between and TT. 



I > - - ■- - ■■ ' * 

-OO CO 

Fig. 15. 


Complete this path as in Fig. 15. The integral vanishes over 
the circular arcs joining the path (P) to the points db oo on the r^l 


* Of. footnote, p. 30. 
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axis, and there are no poles of the integrand inside this closed 
circuit. 

It follows, from Cauchy’s Theorem, that 


ZTTJ-y: ^TtJ 

the second integral being taken over the path (P). 
Also we have 


(la = — ^ 


Q-Ka.^tQ-la{x-X’)^l^ 


the second integral being taken over the path (P). 

It is convenient in the following argument to take (2) when 
X > x\ and (3) when x < x\ for the transformation of (1). 

■VT 1 A 




dv dH 


is a solution of the differential equation when A is in- 

dependent of X and t. 

If we choose A properly, integrate this solution over the path 
(P), and add it to (2) and (3) above, we find a temperature 
function satisfying all the conditions of our problem. 

The choice of A is indicated by the equation 




when 05=0. 

This equation leads to A~ \—~ 

n—%a 

Then we have 

u= - fe— ... (4) 

lir J ^iTrjh — la 

over the path (P), the positive or negative sign being chosen 
according as a; 5 
This may be written 

U= da, (5) 

-ttJ ttJ 

the int^rals being taken over the path (P) and the positive or 

negative sign being chosen according sls x^ x'. 

We shall now show that this value of v satisfies all the conditions 

of our problem. 
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From the way in which it has been built up, we see that it satisfies 
the equation of conduction and the surface condition at x=0. 

Also, from what has been said above, the first part of (5) reduces to 


1 

2J{7rKt) 



(r-JcT- 

AkI 



The first term corresponds to the source at x\ the second to an equal 
source at —x\ 

We have thus only to show that the second part of (5) vanishes 
in the limit when and x is positive. 

Assuming that the integral 

J over the -path (P), (6) 


is a continuous function of t for t=0* we have only to establish that 

over the path (P), (7) 

is zero. 

Take the closed circuit of Fig. 16, consisting of the path (P), 
and the part of a circle, centre at the origin, lying above the path (P). 


/ \ 

/ \ 



There are no poles of the integrand of (7) in this circuit, and thus 
the integral over the whole is zero. But when the radius tends to 
infinity, the integral over the circular arc vanishes, x-\-x' Being 
positive. Thus the integral (7) over the path (P) vanishes. 

Therefore we have obtained in (5) the required temperature. 


* The contiiiuity of this integral, when ^^0, is not difficult to establish somewhat 
on the lines of F.S., Chapter VI. But the discussion of infinite integrals, when 
the variable is complex, lies somewhat outside the range of this book. 
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Replacing the integrals over the path (P) in (5) by the equivalent 
integrals over the real axis, we have 


e-*‘^“^i^cQSa(x—x')-i-cosa{x+x) 


— <^03 a {x+x) — a sin a {x-\-xy^da (8) 


Therefore 


2f* cos gg+Zi sin aa:) (a cos ax' + h sin ux') 


,_2f* 

^ ttJo 

Again, 

l/"''cosaf<f|=^ and ,-«sinaf 
It follows that 


da (9) 


^ cos a {x+x') — g sin a ix+x') 


da 


^2hr 

TT J, 


-Ka^l 


a^+ 

6”^^cosa(a?+a;'+^)^£jcZa 

= ^ cos a (x+x’+i) da](Z^ 
Ji f"" _(£±£!±I^ 


Thus from (8) we have 

(x-xT (x+a')^ 


TTKf) 


Ji^rKf) 


ut 


-he 


iKt 


r*oo 

-2aJ e- 


( X+x'+t)’ 

•« e d 


li]. (10) 


The last term in (10) represents the temperature due to a line of 
sinks extending from —x' to — oo .* 


83. The Same Solid. Initial Temperature f (x). into a 

Medium at Temperature ^ (t). 

The Green’s function, or the temperature at {x, y, z) at the time t 
due to the unit source at (»', y', z') at the time t, radiation taking 


* The solution in (10) was first given by Bryan {Cambridge, Proc. Phil. Soc., 
7, 1891). See also Bryan, London, Proc. Math. Soc., 22, p. 424, 1891. The treat- 
ment in the text is taken from the author’s paper, Edinburgh, Proc. Math. Soc., 
21, 1902. 
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place at the boundary x=0 into a medium at zero, follows from 
§ 82 (10) in the form 


- ( x^xT _ r' 

g-4K(£-T)_j_g 4 k(£--t)_2A 


-hi- 


(x-hx'-riy 
4/c{f — t) (J 


(■ 


2J{7rK (i5“T))l 

Thus from § 80 (3), for the general problem with initial temperature 
f{x) and the medium at temperature ^{t), the temperature at 
(x, y, z) at the time t is given by 


{x~ x ')- (X-hxT 


~-2h\ e 


i: 


-hi- 


(xi-x’-hiy 

d, 


^ peep jx-xy 

+* ‘i’-' 

Let the initial temperature be unity and the medium at zero. 
Then, from (1), we have 


'i\m 


dx 


( 1 ) 


2sj{TrKt)j(^ L 


{x—x'Y ix-k-af)^ 
4k£ _{,g 4<c£ 


-,4' 

•^0 






Now 


sfirrKt) 


r r a n 






dy 




-^r 

n/itJ ^ 


2V(k0 


€ ^'du — 


r-r 


-hi-' 




N/(7r/cOJo 


d^. 


2^/(/c0 


Thus we have 


-y 




if 




e + 


s/Cttk'OJo 


-hi- 


(.x+iY- 

iKf 


d^ 


2s/(Kt) 


2v(k£) 


^ 2 1*2 ^ 

n/C’tkOJ, 


e *“*■ d^, as in § 25. 


84. Finite Solid. Source at x' at t=0. Botmdaries x=0 and x=a 
at Zero. 

To obtain the Green’s function when there is no radiation at the 
surface, we start with the solution 


2j(TrKt)\^ 


ix-aiy jx+oTf - 

g 4irf — £ 4jc£ 


C.C.H. 
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which satisfies the condition for a source at x' at the time ^=0, 
and also the boundary condition at x=0. 

This may be replaced as in § 82 by 

•i,' = — - da + ~ 

^ 2xJ 

the integrals being taken over the standard path (P) of Kg. 14 , 
also when x > x\ we choose the positive sign ; when x < x\ the 
negative sign. 

Thus we have the transformation 


i f sin axe^da 

{x>x’) 


i fg-ica=f sin axe^' da, 
tTr] 

{x<x') 


( 1 ) 


the integrals being taken over the path (P). 


Let = SID. ax da, 

^ ^ttJ 

over the path (P), and choose the constant A so that the condition 
at x==a is satisfied by v=Vq+'^i- 


Then 


1 f 

i?i=— u 
^ ZttJ 


_^^,,sin axsmax 
sin aa 


^da- 


.(2) 


Consider the solution 


^ = '^0 + % 

= _1 te > x') 

i-TT J Sin aa 

= {x<x') 

itt] sinaa 


(3) 


Tlie value of v given in (3) satisfies the equation of conduction and 
vardshes when x=0 and x=a. 

We now show that it satisfies the initial condition for a 

source at a;'. We have seen that Lti^o has the required value. We 
have thus only to show that Lt i;i=0, where % is given in (2). 

Assuming that the int^ral 


o—kolH 


sm aa sm ax 


e^^da, over the path (P),. 


•w 


sm aa 
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is a continuous function of t for we have only to establish, that 

over the path (P), (5) 

J sin aa 

is zero. 

This follows, as before, from the closed circuit of Fig. 16, since 
there are no poles of the integrand of (5) in this circuit, and the 
integral over the whole vanishes. But when the radius tends to 
infinity, the integral over the circular arc vanishes, provided that 
x-\~x' — 2a is negative. Thus the integral (5) over the complete 
path (P) is zero. 

The solution (3) can be reduced to an infinite series as follows : 

Take the path (Q) of Fig. 17 formed by the path (P), the image of 
this path on the real axis, and the circular arcs (dotted in the 



FIG. 17. 


diagram) joining the ends of these two curves. The dotted part of 
this circuit gives zero in the limit. Also the integrand in (3) is an 
odd function of a. 

Thus Ave have from (3) 


1 

2z7r J 

,, sin ax sin a (a— x) 

1 fj — KOL’t -J: 

1 sin aa 

j 

r sin ax sin a{a—x) 

2i'7r . 

B — : 

1 Sin aa 


da. 


da. 


{0 = x = x) 


.( 6 ) 


the integrals now being taken over the complete path (Q). 
The poles of the integrand are at a= ±7r!a, ±27r a, etc. 
Thus, by Cauchy’s Theorem, we obtain 


. mi 

Vsm — 
a 


mr . nir . -K~t 
X sm — X e «■ 
a 


for the two integrals of (6). 


* See footnote, p. 175. 
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Hence the Green’s function for this case is 


t . IflTT . 7l7r / —k^LJL 

'>,sin — ojsin — xe 

n. n. 


it — r) 


and the temperature at x at the time t, when the initial temperature 
is f{x), and the surfaces x—0 and x=a are kept at (pi{t) and 
(poit), follows from §80 (3) in the form 


*3 ^ 
r=- V 


. Utt 
sm — X 
a 


Zj 


/•a n-TT- 

sin —x' e f{x') dZ 
Jo ® 

[9^i(t)-( — 1)^02 WJe”'' 


85. The Same Solid. Source at x' at t=0. Radiation at x=0 
and x=a into a Medium at Zero. 

Here we start with the solution 


- e 


2J(7ncty 

= clu, (x > x') 

= — — {x<C_x') 

the integrals being taken over the standard path (P) of Fig. 14. 
We associate with this another solution, 

da. 


over the path (P), and determine A and B so that the boundary 
conditions 

Bv 

T^+fe=0, when 3*==:0 and x=a, 

are satisfied by i?=rQ+ri. 

In this way we obtain 

j ^ ,7 4 _ . \ (A s in a{a—x')+ci cos a {a~~x) 

“ a^)sinaa+2ai^cosaa ’ 


P= (A+?'a) 


h sin ax' + a cos ax' 
a^) sin aa + 2ah cos aa ^ 


*Cf. §34. 
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Substituting these values for A and B in we have finally 

Vo = Vo+Vi 

—i f (h sin ax' + a cos ax') (h sin a(a—x)~i-acosa(a—x)) , . 

7r Qi^ — a^) sinaa+2afe cos aa ^ 

when x^x' \ and, when x<ix', we interchange x and x' in this 
expression, the integral being taken over the path (P). 

From the way in which (1) has been built up, we know that it 
satisfies the equation of conduction and the boundary conditions. 
We shall now show that it satisfies the initial conditions for a source 
at x\ 

As Vq corresponds to the source at x', we have only to show 

that Lt Ui=0. 

«-->0 

This follows as in § 84, by introducing the path of Fig. 16, for the 
integrals vanish over the circular arc in the hmit, provided that 

x+x'^ 0, 

and x+x'—2a<C0f 

and both of these conditions are satisfied. 

Also we know that the roots of the equation 

sin aa+2ah cos aa~0 

are all real and not repeated. (Cf. § 36.) 

The solution in (1) can now be reduced to an infinite series by using 
the path (Q) of Fig. 17. For we have from (1), when x > x', 

_ If (h sin ax + a cos ax) (hsma{a—x) + a cos aja — x)) . 

sin aa+2aAcosaa 

the integral being taken over the path (Q), 

Then, by Cauchy’s Theorem, we have 

.f (h sin ax + a cos ax) (h sin ax + « cos ax) ^ ^ ^ 

a(h^+a^)+2h ’ 

the summation being taken over the positive roots of the equation 

smaa+2ah cos aa—Q. 

The result in (3) holds both when x^x' and when x<,x'\ 

Hence the Green’s function is 

„ ,,, Jhsin. ax+ a cos ax') (h sin ax+ a cos ax) 

a{h^+a^)+2h 
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The solution for an arbitrary initial temperature f[x) follows at 
once, and we obtain the temperature at x at the time t, for the case 
when the medium is at zero, in the form 


(*a 

=3 /(.OS 

Jo a 


-KaH 


H siJ^ ax''\- a cos ax') {h sin aa?+ « cos ax) 


a(A^+a^) +2A 


dx\ (4) 


This admits of term by term integration, and may be written 


^(^sinaaj+acos aa?) ^ /t • / , j , 

=2^ a + a^) +ih~ ] ^ (^smaa; +acosaa;) dx. (o) 


(Of. § 36.) 

It may be noted that the result given in (5) leads to the expansion : 

f(x) = 2^Lt 2 


Ex. 1. The same Solid. Source at x\ The boundary a;==0 kept at zero 
temperature. The boundary x=^a radiating into medium at zero. 

Result : = 2 S 5 ”'^^*^sin ax sin ax ■ , 

a aa“4- /i(l 4- Aa) 

where the summation is taken over the positive roots of the equation 

a cos aa-^-h sinaa=0. 

Ex. 2. The same Solid. Boundary conditions as above. Initial tempera- 
ture f{x). 

Result : i? = 2 2 < 5 -'^®-“^ — ^ sin ax I sin ax' fix') dx'. 

^ aa^4-A(l+M) Jo ^ 

Ex. 3. The same vSolid. Source at a;'. The boundary a; = 0 impervious to 
heat. The boundary x—a radiating into a medium at zero temperature. 

Result : 2? = 2 2 v f , t \ cos ax cos ax'. 

a aa^+h(l+ha) ’ 

where the summation extends over the positive roots of 

asmoja — Ji cos cut—O. 

Ex. 4. The same >Solid. Boundary conditions as above. Initial tempera- 
ture fix). 

Result : — 2 2 e”'^‘^"^cos ax — , - / ~ T / cos ax' f{x') dx'. 

t aa^ + h(l+Jixi)jo 

86. Two-Dimensional Problems.^ 

I. Semi-Infinite Solid ^ > 0. Initial Temperature f{x, y). 
Boundary y=0 kept at F{Xy t). 


*Cf. Hobson, London, Proc. Math. Soc., 19, pp. 286, 293, 1889, for the result 
given in §§ 86, 87. 
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In this case the Green’s function is 


U=~ -U 4k(«-t) 4«(i-T) j 

4:7r/c(^— t)^ 


.nd (^)^(^) - 

\dnJi \dyJy=o 4:7nc^{t — t )^ 

It follows from § 80 (4) that the temperature at {x, y) at the time t 
is given by 




(x-xy^ip+yy 


] dx dy' 


Fix t) 

drdx'* 


II. The Same Solid. Radiation at y~0 into Medium at F(x, t). 

In this case the Green’s function may be deduced from § 82 
in the form 

1 r (a?-a;V+(y-t^)- {x-of)^-^-{y+y')^ 


1 r 

it-rr 


g 4K(t— t) _j_ g 4ic(«— t) 


du\ ( du 


dnh \dyJy:=o 47r/c^(^— t)^ Jo 


r^' (a?-a?')“+(y-ry'+T7)- . 

4k(«-t) Q 


{x-xyHy T>?)- 

g-^TJ g iK{t-T) (.y' _j_ 


Thus the temperature at {x, y) at the time when the initial 
temperature is zero, is given by 

87. Three-Dimensional Problems. 

. I. Semi-Infinite Solid cr > 0. Initial Temperature f{x, y, z). 
Boundary a;=0 kept at F{yy z, ^). 

In this case the Green’s function is 


1 / _ {x-xT +(y- 2 /)H jz-zV (x-{-zyMy-yV h (z-zy \ 

u = — Ae -e ) 

8xV(«-t)-^ 


* Tliis result proves the truth of the statement at the end of § 74 about con- 
tinuous doublets. 


184 THE USE OF GREEN’S FUNCTIONS IN THE 

x'-+{y-y’y-\-(z~z'f 


and 


(du\ __fdu\ 
\dnJi \dx/x=o 


X 


4 K(t—r) 


8irV(t-T)- 

Tiius the temperature at (x, y, z) at the time t is given by 


SttW 


X e 




{x-x’)'+ (y— yT-f (g-z")^ {x+x'Y+i_y—yy-^(z—zy- 


AkI 


— e 


4>ci 


dx' dy dz 


F(^/ ix>‘+(y~yT+iz—z'Y 

Q 4k (t- r) dr dy' dz.^ 


SttY*' 0 J J (^—t) - 

II. Same Solid. Radicdion at x=0 into Medium at F(y, z, t). 
The Green's function is in this case 


1 r 

_^tL' 


87rV(i-T)^ 


jx-xV +(y ~v'Y+ (g- z!Y (x-\-x'Y-\-{y--yT-\-{z-z')- 

0 4/c(«-t) 4K(t-T) 


H 


>co (x+x'-^^Y+jy-yV+iz-zV 

Q-Hq 4 K(t-T) d^ 

0 




Thus the temperature at {x, y, z) at the time t^ when the initial 
temperature is zero, is given by 




-U- 


{x+^Y+iy-yy^{z-z'Y 

4k(«-t) 


{t-rf 
xdrdy' dz' d^. 

88. IMnite Cylinder r=a. Initial Temperature f(r, d). Surface 
Temperature Zero. 

To obtain the Green's function for this case, we start with 
1 




/•“-{-r'"-2rr'co8 {e~6') 

AkI 


We transform this, as in § 78 (III.), into 
1 «> f"' 

'^o=.T"2 ^ Jn {ar) Jn (ar) da. 

^TT-oo Jo 


*The footnote on page 183 aiso applies to this result. 
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But 

^q;-ko.h (ar) da 

Jo 

=c. 


(ar)~e‘^^^'^Ili}^\ — ar)}da* 
fjQ-Ko.H J^^(^ar) (ar) da. 


And proceeding as in § 82, tiis may be replaced by 
j ae’-‘^^''^J^^{ar')Jn(ar)da=-—i^ae-’^°-"^Jji{ar)HJ^^{aT) da (^>0 

= -ijae-"*'* J„(ar)jff,i'>(a/) <?«, {r < /) 

the integrals being taken over the standard path [F) of Fig. 14. 
Thus we have 


^0= -‘^'^Q>o&n(d~d') (1) 

when r > r', and we interchange r and /*', when / < r', the integrals 
being taken over the path (P). 

To satisfy the condition at r—a, we associate ’with another 
solution Vi taken over the same path (P), where 

2 cos'/^(d— 0") 

aTT — y:: 

and we choose the constant A so that 'ro+'^T shall be zero when r— a. 
Then we have 

i)i=U^ cosft(0-0') Jae-^’S 

Consider the solution 


Aae~‘“^'^Jn{<^r)J «(a/) da. 


-'^0+% 

1 


, ^ cos n 

4x —00 




(6-0') jo. 

X {E,l:'^^{ar)Jn{aa)—E}'\iia)J,^{ar)} da. 


.(3) 


* When x is real and positive, we know from Appendix I., §4 that 


Thus 
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when r > the integral being taken over the path (P) ; and r, r' 
being interchanged, when r < r'. 

The value of v given in (3) satisfies the equation of conduction, 
and vanishes when r—a. 

We shall now show that it satisfies the initial condition for a 
line source at (r', d'). This requires that Lt'yi=0, where is 
given in (2). 

But this follows as in § 84 by introducing the path of Fig. 16, 
From the approximations for Jn{^) and in the upper part 

of the 2 -plane,* it will be seen that 

J“ jj;^) *• 


vanishes over the circular arc in the limit, provided that 
/q./— 0, a condition which is satisfied. 

Also we know that the roots of J^^(aa)=0 are all real and not 
repeated. 

The solution in (3) can now be reduced to an infinite series by 
using the path (Q) of Fig. 17. 

For we may replace the term 

-h {Sn^'^icir)Jn{aa)-H,}^\aa)J,,{ar)}da 

47rJ 

over the path (P), by half this integral over the path {Q), 

Using Cauchy’s Theorem, this term becomes 

2a^ J^'iaa) 

the summation being taken over the positive roots of e7^(aa)=0. 

But it is known that t 


J„ iz) ^ I Jn{z) . 

Thus we find for the temperature at (r, 0) at the time t, due to the 
source at (r', O'), 


7rfl> _oo a 


,-Ka.H 


J n{u'r')Jn{ar) 

\Jn{aa)f ’ 


•W 


and tHs holds when r < r'. 


Cf. Appendix I., §§4, 5. 


tCf. Watson, loc. ciL, §3. 63. (1). 
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Tiie Green’s function for this case is, therefore. 


7ra' 


cos nie~9') . 


When the initial temperature is /(r), we obtain the temperature 
at (r, 6) at the time t, in the form 




[j;{aa)Y 


[/o' Ml* 


[ 'f'f[r)Jf,{ur)dr'. 
J 0 


When the initial temperature is/(r, 6), we have 

'“5^1 «'>[§ ? 


If we assume that this series may be integrated term by term, 
we have, for the coefficient of J„(ar) cos^id the expression 

9 p—KaH ca (*7r 

and for n=0 the result must be divided by two. 

Thus we are led to the series for/(r) and/(r, 6) of § 57, 1, and IV., 
and they occur here as the limiting values of v when ^->0. 


89. Infinite Cylinder r=a. Radiation at the Surface into a Medium 
at Zero. Initial Temperature f (r, 6 ). 

Starting with the expression for the line source at (r', O'), we 
transform it as before into 

'«o=-l^Scosw(0-eO fae-“V„(ar')/r„“(or)/a (r>/)l 

= ^ (6-—0')^ae~^‘"'^Jn(ar)Hn^^'^{aT)da, (r < r), 

the integrals being taken over the standard path (P) of Fig, 14, 

We then obtain the solution 

% “ '^(0 — O') (ar) Jn (ar) 

^ {aJ„'{aa)+hJ„aa)) 

over tlie path (P), and we prove that «=Co+«i> which satisfies the 



188 


THE USE OF GREEN’S FUNCTIONS IN THE 


surface condition |^4-Au=0, also satisfies the initial condition for a 

source at (/, $'). 

Thus we are led to the solution 

= —^^cos n(d—0') Jae-*"”* J„(a/) 

„(aa)] 

^ aJ:{aa)+liJ„[aa) 

when r > r\ the integral being taken over the path (P) ; and when 
r / we interchange r and r\ 

The solution in (3) can be reduced to an infinite series by using 
the path (Q) of Fig. 17, for we know* that the roots of the equation 

aJ^' {aa)+JiJ^{aa)=0, (4) 

are all real and not repeated. 

The coejfficient of cos n{d —6') becomes 



2 ? ^ aaJ„'' (aa) + (1 + Aa) J„' {aa) 

the summation being taken over the positive roots of (4). 

But 

-ih 


and 

Therefore 




£r„<»(aa) + Aj?„i^>(aa) = — . 
d{aa) n \ j ^aJ„{aa) 

Also we find that 

aaJ,:'{aa)+0-+'ha)Jn {aa)=-- („«). 

Therefore the coefficient of cos n (0 — 0') becomes 


'7ra‘ 


i 2 


KaH 


jar') 


(h^+a^ 


{J„{aa)Y 


the summation being taken over the positive roots of (4). 


* Cf. footnote, p. 117. 
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Hence the temperature at {r, B) at the time t due to a source at 
(r', 0'), when radiation takes place at the surface into a medium at 
zero, is given by 

As S , ...( 5 ) 

and this holds when r^r'. 

When the initial temperature is/(r), or/{r, 0), we have 

S <lr' (6) 

and 


Tra^ 


0 J™, 


T'fir', d') 


SS cosw(8— 8')a2g-ita=« 


J„(ar)J„{ar') 


drde\ ...(7) 


If we assume that the series (7) can be integrated term by term, 
the coefficient of (ar) cos nd is 


2(x^erKaH 


Tra^ 


(h^+a^-t^(J^(aa)) 



r'f(r\ O')Jn(ar) cosnO' dr d0\ 


and for n~0, the result must be halved. 

Thus we are led to the expansion for/(r) and/{r, 6) of §57, HI. 
and V., and they occur here as the limiting values of v when /->0. 


90. The Wedge of any Angle.* 

In this section we shall find the temperature due to a unit line 
source at (r', 6') at ^=0 in the wedge formed by 0=0, 0=0©, these 
planes being kept at zero. When the wedge has an initial tempera- 
ture /(r, 0), and the planes are kept at zero, the temperature at the 
time t follows at once from the solution obtained below. 


I. We start with the solution 


I r-+r'-~2rr' coRi9—9’) 


*Cf. CaralaWy London, Proc. Math, Soc. (Ser. 2), 8, p. 365, 1910. 
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Introducing the complex variable a, this becomes 




4Ki 




2^^cos(a-d)_ 


Qia 




( 1 ) 


the integral being taken over any closed path in the a-plane 
enclosing the point a =9' and no other singularity of the integrand. 

It is clear that singularities enter only from the poles a=2m7r+0', 
and the infinities of -'"f. 

Gn putting a=a+ib, we see that when b=±:co , coS'(a-“0) 
must be negative or the integrand would be infinite. Hence in 
deforming the path to &==dr oo , we must take care to have a in such 
a region that cos (a— 6) must be negative. The shaded portions of 



The path (A) in the a-plane 
Pig. 18 . 


Kg. 18 represent such parts of the a-plane, and taking ]0 — S'Ktt, 
the circuit round a— 6' may be deformed into that given in the 
figure, this new path being composed of two symmetrical curved 
parts extending to infinity, and two rectihnear parts, drawn at a 
distance 2^ from each other. The integrals over these straight 
lines cut each other out, owing to the periodicity of the integrand 
and the fact that they are described in opposite directions. We are 
left with the two curved portions, which we refer to as the path {A) 
m the a-plane for this value of d. 

In connection with the problem of the wedge of angle mrim, this solution 
was used to obtain another of period 2mr, with only one singularity in that 
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range, and to the second solution the method of images was applied. (Cf. 
§79, and the author’s paper in Proc, London Math. Soc., 30, 1899.) 


Consider the expression 


1 




4/c£ 


-eos (a — 0) 


lira. 

da 

iira ml 

p 0» > p 0n 


■( 2 ) 


the integral being taken over the path {A), corresponding to the 
current coordinate 6. 

(i) This expression is a solution of the equation of conductian, 
since every element of the integrand satisfies this equation. 

(ii) It is periodic in d and of period 26 q. A change in d, e.g. from 
6 to 0, simply translates the path along the real axis of a, and 
the term eh^’'cos(a- 0 )]/ 2 «£ jg unaltered. Further, if the change in 0 is 
equal to ^nd^ {n being any positive or negative integer), the other 
factor of the integrand also remains unaltered. 

(iii) It vanishes when ^->0 in the interval ~do<Cd 

when r-^r' and where it takes the form, 

2yy'eos(0— 0’) 
p 4Kt 

T—. 


To prove this, we have only to note that the path (A) can be 
changed into the two straight hnes of Fig. 18, together with the 
small circuits surrounding such of the poles as lie in the interval 
(d“ 9 r, d + 7 r). The integrals over these straight lines vanish in the 
limit as ^-^0, since these he in the shaded portions of the diagram. 
We are thus left with the circuits round the poles and if 
— do<0'<do -'do<d<do, the integrals round these 

circuits all vanish when ^->0, except one which corresponds to the 
source at (r', d'). 

(iv) When r->co , the expression vanishes owing to the presence of 
the factor 

II. The solution given in (2) can be transformed into a series 
involving BesseFs functions by the aid of the contour integral which 
defines the BesseFs function of the first Mnd.* 


Cf. Whittaker and Watson, loc. cit. (3rd Ed.), p. 363. 
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We start with 

v= 

over the path (A). 

Putting a~S = a, this becomes 

/-■fr'- ^ ^ ITT (6 -b a) 

e ~cosa' e da 


' AkI 




plKt 


cos {a — 6) 


lira 
p _ 


tTrO' 


7 da 


^TTlcOQtJ 


iTT(6A-a-’) 




over the path (A') of Fig. 19. 



The path (A') in the a'- plane 
T?IG. 19. 


iir( 6 +a-') 

e 

In expanding the term ^ 

e —e 

we must proceed differently for the upper and lower parts of the 
path {A'). 

From the upper part we obtain 


1 


since at the positive imaginary infinity in the a '-plane 
vanishes and the series is convergent. 

Also from the lower part we have 


X 



—inrriO ~ 6’)!6ng~in7ra' I6n 


0 
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Now if we change the sign of a in the lower part, we bring this 
integral to the upper part, and have, finally. 


da'+22 ( 


C7o J 


over the upper portion of the path {A’). 

Now put u'~Tr'e~^'I^Kt. In the i^-plane, the path proceeds 
from the negative end of the real axis on the lower side, makes a 
circuit round the origin, and ends at the negative end of the real 
axis on the upper side, as in Fig. 20. 



Fig. 20. 


Also the integral 


£r:cosa' ^ 

g a,, 


1 J I. Yr/Vof u^^(m?2Kty 7 

eplacedby ^ u ^ du 


over this path in the i^-plane. 
Thus it is replaced by 


_ in‘rr- 

-27re 




on using the contour integral for 
Hence we have 


iKt « firr\ (n a'\ 


But I «e-‘“V„(ar)J„{ar’)da=Le w 
for any value of n for which the real part is greater than —1. 


* Cf. Gray and Mathews, loc. ciL, p. 78 (161) : Nielsen, loc. ciL, p. 184 (2). 
This formula for a positive integer n was first given by Hankel [Math. Ann., 
Leipzig, 8, p. 470, 1875) and for the general case by Sonine [ibid., 16, p. 40, 
1880).' 

C.C.H. N 
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Therefore our solution, with period 20o> be written 

»=i y; cos^ (9-6') r (w) {ar')da (3) 

200“^ ^0 Jo ft , 

III. Now let 6' lie within 0<(9<do. and denote the solution 
found above in (3) by v(d'). 

This has the value required by a source at the points (r', 9' ± 2sdo)j 
s being zero or any positive integer. 

Similarly denote by v{—9'), the corresponding solution for {—9'). 
Then v=vi9')-v{-6') 

^00 

X V ^{ar)J^ (a/) da (4) 

•'0 00 00 

satisfies all the conditions for the temperature in the wedge 
0<C,d <CdQ, the unit line source being placed at (r', O') at ^=0, 
and the planes being kept at zero. 

The solution given in (4) can be written in the form 

v=^'^sm‘^6sbi^d'\ ae-^°-V^{ar)J^{aT')da (5) 

^0 1 ^0 ”0 Jo 

In § 78, ni., we found, this solution by images for the wedge of 
angle Tr/m, where m is any positive integer. The result is now seen 
to be true for a wedge of any angle. 

We have been dealing in this section with a line source through {r\ 6'), 
If we start with a point source at (r'. O', z') and take 
(2—2')* 

e 4^ — 2 rr' cos (g — 0') 

we obtain by a similar argument the solution for the point source in the form : 

00 00 

91. Infinite Cylinder. The Sniface r=a and the Planes 9=0, 
9=9o kept at Zero. Initial Temperature £(r, 0). 

We start with the solution of § 90, corresponding to the line 
source at 9'), namely. 
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As we have seen in § 88, this may be written 
1 " . WTT n-rr ,[ 




ae-*“ V ru {ar) (ar) da [r > r) 


1 ^ . WTT . nw f 


(1) 


„ / , a a dl fi„{aT )da, (r <i r ) I 

^0 1 ^0 t7o ,J 

the integrals being taken over the path (P) of Fig. 14. 

This leads, as in § 88, to the solution for the source at (r', O') in 

the sohd bounded by r—a and 0=0, 0=6o • 


1 A . A • A/ 


X \ae 


^0 


~KaH ^0 




H^^{ar)JJiaa)-H^^(aa)J„Jar) IcZa, (2) 

00 00 ^0 0ti J 


when r > r', the integral being taken over the path (P) ; and when 
r < we interchange r and r'. 

This solution can be reduced to an infinite series as before by 
introducing the path {Q) of Fig. 17. 


Then we obtain 


j nrr (ar)Jn^ (ar'} B'^l(aa) 


2'i7r 


sin- 


mr , 


dsm^d'ae-‘^’‘— 


,...(3) 


00 

the summation being taken over the positive roots of J^^(a«)=0 


But, as in § 88, H^(aa)J'^(aa) = - 

00 0fl 

Thus (3) reduces to 

4 X— ^ X~A • 


2i 

nrraa 

J flTT (®‘^) *^nrr ) 


.(4) 


^ V V sin— 6 sin — — - 

' 00 P|rMJ ’ 

which holds when r 5 

The solution for the initial temperature /(r, 0) follows at once 
from (4) by integration, and we have, for this case, 

4 fa r0o 

'"i-. . 

nTT ^ . UTT ^ 


X 


2 S 0 ^ 


- ft, 


dr'dO'. 


J 


[Cf. § 62, II.] 
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92. The following results can be obtained by the method of the preceding 
section. In each case the surface of the solid is kept at temperature zero, 
and a unit source is placed at / = 0 at a point of the solid. 


I. The Solid hounded internally hy the Cylinder r—a. Line Source at (r'. O'). 
Here the temperature at (r, 0) at the time t is given by 


4-37 


2 cos 






when r<r\ We interchange r and r', when r >r'. 


II. The Solid hounded internally hy the Cylinder r—a^ and the Planes 6^ =0, 
0 =^o- Source at {r\ O'). 

In this case we are dealing with the region 


Then we have 


1 ^ . mr „ , nir 
2 sni -T- 0 sin 
C7o 1 t7o C/0 




rco 




C—KaH m 


sZiaa) 


> f tLl7r(M 

I 0.) 


r)Hlll(aft) - J„.{aa)HZM\ da. 


when r<r'. We interchange r and r% when r>r'. 

III. The Solid hounded hy the Cylinders r—a and. r—h. Line Source at {r'; O'). 
In this case we are dealing with the region 


Then we have 


= o 2 'EcoBn(0- 

-eo CL 


9^6^^-27r. 

X {.7„(a6)g„<')(ar) - J„(ar)H^%ab)} 


when r>r'. We interchange r and r', when r<r\ 

The summation in a is taken over the positive roots of 

J^(aa)//„(^)(a6) -J^{ah)n^^\aa) -0. 

The above result reduces to 

where !7„(ar) =J„(ar)F„('l{a&) - J„(a6)//„Ci(ar). (Of. § 62, I.) 

IV. The Solid hounded hy the Cylinders r=a and r =6, and the Planes 6-0, 

6 = 9,. 

In this case we are dealing with the region 
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Then we have 


2^7^ “ . nrr ^ . mr ,, 

V == S 2/ Sin -TP 6 sin ~jr 6 

t/Q 1 a Uq Uq 


C (!) 

J JfiTr(^Cf£b)IifiTf{^(XT ) fA?,rr(c(.?* (Id') L 

\ ^0 ^0 ^0 ^ 

\ ^ ^ gp J 

f (e/^(a(X)Hi]l(a&) - e4:r{a6)/illl(aa)} 

V e,, 0,; 0,, 


when r>r'. We interchange r and r', when r<r'. 

The summation in a is taken over the positive roots of 

./^(aa)^^(a6) ~e/^(a&)^St(a6i)==0. 

do do 6o 0 () 


The above result reduces to 


v = sin — (9 sin 0 

t/Q l a C7o C/Q 




• Umviiifr) Uiiir{ar'\ 


J mr (a6) ” e/9^7r(cxtt) ^“^0 


where */^tnr{cd)) H fiTr{iXT), 

d{) 00 00 00 0() 

V. The Wedcje bounded by the Planer 2:=0, s=/i, 6^=0 and 0 --Oq. Point 
Source at {r% 8', z'). 

In this case we are dealing with the- region 


Then we have 


-h8o.t^u^^ 


r^O, O^(9^(9o, O^z^h. 


W-TT” , 

-K-fi-t . mir . 'MW , . 'MTT „ . mr 
" sin -p- z sm — p- sin -p sin p-* 8 
h h 8o 8o 


X / ae-^^X/uTT ( ar)dnTr ( ar') dc t. 

00 0(7 

VI. T/ic bounded by the Cylinder r=a, and the Planea z^^O, z^ h, 0 -0 
and 0 Point Source at [r', 8\ z'). 

In this case wo are dealing with the region 


O^r^a, 0^i9^6>o, O^z^h. 


Then we have 


B V V ~'c^ 77 a” * . niTT . mir , . mr . mr 

2j Zj Zd sin -p- z sin --- z sin 8 sin p ir 

a^h8om:==\n^\ a k ll 8^ Oq 

•/n7r(ar)./n7r(«r') 

X . ^0 


— 0fi J 


the summation in a being taken over the positive roots of Jn„{(ui) -=0 
(Cl § 62, III.) 00 
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93. The Sphere r=a. Initial Temperature f(r, Q, <p). Surface 
Temperature Zero. 

In this case we start with 

_ 1 

where — 2rr' cos with the usual notatioiij y being the 

angle between the radii to {r, 6, <p) and {r', 6', cj>'). 




Then 


T-+r'- 

~ 4Kt nL 


Vc^=z 


TT.e 


,2Kt 


cos 7 


But from the expansion of in a series of Zonal Harmonics,* 
we have 

rr' 




cosy 


Thus 


r^-hr"' 

Hrr'\, 


Vt^= 


r^+r"- 

e” 1 

But {ar)Jn+i{ar') da = ^ J : 




Hence 


ae-'‘“V„+j(ar)J„+j(a/)(Za. ...(1) 


® 47r, 

But, as in § 88, 

If. (1) 

over the path (P) of Fig, 14, when r'^ r' \ and we interchange r, r' 
when r <C,r'. 

Therefore we have 

'*•’ 0 = — (2n+l)P„(cos y)^ae-'‘°-Vn+i{ar')Hn\i{ar)(ln, (2) 

when r > r\ the integral being taken over the path (P), and r, r' 
being interchanged when r < r'. 

Now let 

S {2«'+l)P„(cos y)|4ae-“V„+j(ar)J„+j(a/)cZa, 
over the path (P), and choose A so that vanishes when r=a. 


*Cf. Heine, loc. ciL, Bd. L, p. 82 (14). 


t Cf. footnote, p. 193. 
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This leads to 
Also we have 

V==Vo+Vi 


Jn+i{aay 


'^vj{rr') 


;7:2(2w+l)P„(cosy) 


X (ac()J?'!Vi(ar) - 4(aa)}da, (3) 


wken r > r' ; wkile we interchange r and r' when r <[ r'. 

It can be shown, as before, that this value of v satisfies all the 
conditions for a source at {r\ 6', (/>') at t=0 in the sphere. 

This solution can be reduced to an infinite series by introducing 
the path (Q) of Fig. 17. 

Then we obtain 


4iJ{rr')^oa 


{2n + 1 ) (cos y) 


^ n-i-l {af)Jn-v : ^{ar' )Hl\^{<xa) 
aJn-\~i{cLa) 

the summation in a being taken over the positive roots of i 4 («^) ^ 0, 


But, as in § 88, Hn-\^^{aa) 

Then from (4), we have 

the summation in a being as above. 

If the initial temperature of the sphere is /(r, Q, (^), the temperature 
at (r, B, (j>) at the time t follows from (5) by integration and we have 

£ D"' - s ? 

X r'= sin d'dr'dd'dcjy. 

Remembering that 

P„(cos y) = P„(m)P„(mO + 2g (1 - P-P„(m) 

w 

X Cosm(0-~c//), 


2i 


Traa 
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it wiU be seen that this solution agrees with the result obtained 
in §67, 

However, in the discussion in this section, we have not assumed 
that the arbitrary function /(r, 0, (f) can be expanded in a series of 
terms of the form 



CHAPTER XI 

THE USE OF CONTOUE INTEOEALS IIST THE SOLUTION 
OF TliE EQUATION OF CONDUCTION 

94. Introductory, 

In the previous chapter we have obtained the Green's functions 
in several cases by integrating suitable solutions along a path in the 
plane of the complex variable. The same method can be applied 
in other cases, and, indeed, it is the simplest and most direct way 
of solving many problems of conduction. In this chapter we shall 
apply it to some problems already solved by elementary methods, 
and to others which, so far, have not been solved at all, or have 
only been treated by Heaviside's ^'operational method.”* In this 
class may be mentioned the problem of the semi-infinite rod composed 
of two materials, the end kept at a constant temperature, the initial 
temperature of the whole being zero, and the corresponding problems 
for the finite rod and the sphere. The methods used in the solution 
of these three problems give equally satisfactory results when the 
surface temperature varies with the time, or radiation takes place 
into a medium at a constant or varying temperature. 


* Heaviside’s “ operational method ” may bo said to be simply a kind of short- 
hand. The formulae can bo established by the use of the contour integrals employed 
in the following pages. And the results are conlirmod in this chapter. But his 
work is hard to follow, and it may safely be said that ho makes little attomX)t to 
justify the stops in his argument. Indeed the real justification of his method 
seems to depend upon some such use of contour integrals as will be found below. 

Reference should bo made to Heaviside’s Blectromagnetic Theory^ Vol. 11., 
Chapter V., and to his paper in London, JProc. Ji. Soc., 52, p. 504, 1803 ; also to 
Bromwich’s papers, London, Froc. Math. Soc. (Sor. 2), 16, p. 401, 1917 : Phil. Mag., 
London (Ser. 6), 37, p. 407, 1919 ; and Cambridge, Proc. Phil. Soc., 20, p. 411, 1921. 

The method employed in this chaj)ter was given hy the author in his paj>er in 
Phil. Mag., London (Sor. 6), 39, p. 603, 1920. See also Cambridge, Proc. Phil. 
Soc., 20, p. 399, 1921. 
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LINEAR FLOW. 

95. Semi-Infiiiite Rod (x > 0). End x=0 kept at Constant Tem- 
peratore v,,. Initial Temperature Zero. 

Consider the integral da (1) 

^'7rJ a 

over the standard path (P) of Fig. 14. In this path at infinity in 
the right the argument of a lies between 0 and ^tt, and on the left 
between Itt and TT. 

This value of v satisfies the equation 

dv dH 

It also satisfies the conditions at a?=0 and ^=0. 

For the initial condition put ^=0 in (1), and we have 

n) r piaX 

g 1 ^ da, over the path (P) of Fig. 14.^^ 

Consider this integral over the closed circuit of Fig. 16, consisting 
of the path (P) and the part of a circle, centre at the origin, lying 
above the path (P). There are no poles of the integrand inside 
this circuit, and therefore the integral over the whole vanishes. 
But when the radius of the circle tends to infinity, the integral over 
the circular arc vanishes, x being positive. It follows that the 
integral over the complete path (P) vanishes when x is positive. 

For the boundary condition put x=0 in (1), and we have 

“ da, over the path (P). 

This is equal to 

r p — no-H 

since the integrand is an odd function of a, and the integrals over 


* For a more exact discussion, we should consider Lt (v), when a; is a given 

i -»-0 

positive number, and Jjt{v), when ^ is a given positive number. It is not difficult 

to show that the value of v given in (1) is a continuous function of t, when <S:0. 
X being a given positive number, and a continuous function of x, when ai^Q. 
t being a given positive number. 

The same remark applies to the discussion of the boundary and initial conditions 
throughout this chapter. 
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the circular arcs at infinity (dotted in the diagram) vanish, when t 
is positive. 

It follows by Cauchy's Theorem that, when a; =0, v is equal to '?;o. 

Thus the value of v given in (1) satisfies all the conditions of our 
problem. 

But the path (P) can be replaced in (1) by the straight path 
of Fig. 21, with the semi-circle enclosing the origin ; and, by letting 


— < — — - — c 

O 

PlO. 21. 

the radius of this circle tend to zero, we obtain our solution 
in the form 2 




y) — KaH 


sm ax 


da. 


C^) 


Now it is known that 

f oe 

COS bxdx- 


/ 


2a 


•1«2 


and that we can integrate under the sign of integration, 
p. 195, Ex. 13.) 


f. P.aS., 


Thus 


Jo 






2a J( 


e 


It follows from (2) that 

X 

e-^^di, (Cf. p. 35, Ex. 1.) 

96. Semi-Infinite Rod (x > 0). End x=0 kept at Temperature 
a cos cot Initial Temperature Zero. 

Consider the integral 




f 


^TTj 


^iaX Q--KaH 




a^+w'^/K^ 


.( 1 ) 


over the standard path (P) of Pig. 14.* 

This value of v satisfies the equation and the same argu- 

ment as in § 95 shows that it also satisfies the condition at i5=0. 

For the condition at the end of the rod, we take the integral 


if 

^'7^J 


over the path (P). 


a^+a)7^*^ 

* In this caso the path (P) is to lio above the points 
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This is equal to 

f , over the path (Q) of Kg. 17. 

and the poles of the integrand are at ^ ^1 


1 


/ 

I o 

V- 

1 

^ \ 

\ 

© ' 

V 

0 f 

1 o 

\ 

\ 

G ; 

/ 

/ 



FIG. 22. 


It follows by Cauchy’s Theorem that, when x=0, we have 
v=acos(jot. 

Thus the value of v given in (1) satisfies all the conditions of our 
problem. 

But the path (P) can be replaced in (1) by the straight path of 
Fig. 23 from right to left, with the small circles enclosing the points 


and 



o ^ 

Fig. 23. 


We thus obtain our solution in the form 




a^da ... 


It can be shown that 

and from this eq^uality the solution in (2) can bo reduced to 
2 r“ / \ 

2v(-rt) 

as found in § 23. 
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If the temperature of the end a;=0 is kept at asinco/, we start with the 


solution 


mo I 
IKTT J 

and the real form of the answer is 


a da 




sin ax 


a da 


a* d- id^ I K“ 


97. Semi-Infinite Rod (x> 0). Radiation at x=0 into a Medium 
at Constant Temperature Vq. Initial Temperature Zero. 

Here we take v = f y - — ( 1 ) 

^'7^ J h — 'la a 

over the standard path (P) of Fig. 14. 

It follows as in § 95 that all the conditions of the problem are 
satisfied by this value of v, the condition at now being 

We may replace the path (P) in (1), as in - § 95, by the straight 
path of Fig. 21, and by letting the radius of the semi-circle tend 
to zero we obtain our solution in the form 


V-=^9.lo- 

By usinpj the integral 


‘21i% 


r Jisi 

\ (r-~Ka‘t 

Jo 


sin acc-fa cos ax da 




.( 2 ) 


I J . , //.sin atc+acosarr , 

/ e - sm ax dx- - - y™ — — e ~ , 


the solution in (2) can l)c reduced to 


Jt 




as obtained in § 25. 

'dv 


l-M 
2 ^/(k0 


The gradient at .r =0 follows directly from the value of v in (1). 


For we have ^ —liv^ J path (P), 

__ 2h% e - , 

and from tliis we obtain the approximate value 

'*^0 1 \ 

dx'"' I 27l^Kt) 

as on p. 52. 
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98. Semi-Infinite Rod (x> 0). Radiation at x=0 into a Medium 
at Temperature a cos cot. Initial Temperature Zero. 


Here we take 


f . .. ^ 

'0=^ 


t—KaH 


da 


( 1 ) 


iir] h—ia a^+coV^^ 

over tlie standard path (P) of Fig. 14.* 

It follows as before that all the conditions of the problem are 
satisfied by this value of -y, the condition at x~0 now being 

Bv 

—■^+h(v—a cos coi?) = 0. 

The solution given in (1) reduces to 




COS 




2ha f o , h sin ax+ a cos ax a^da 

. I a—Ka-t ! 


X Jo 


h^+a^ 


a^+co^//c^’ 


where 


7 =tair 


-1 


^+V(w/2)c) 

For radiation at rr = 0 into a medium at a sin lot, wo start with the integral 


liaiii C . adit 

/ eiaa^;-- r- ■- 

IKTT J 


I- (1)^1 


over the path (P). 

The solution reduces to 

Im 

^{(^.+>/(^.)) +^} 


Jiii) ^ x-y'^ 


27ia(o 


i 


Q - KaH 


h sin ax + a cos ax a da 

-I- a^ + io^/K^ ’ 


where y has the same value as above. 


99. Semi-Infinite Rod (x>— a). From x=— a to x=0 of one 
Material : from x=0 to Infinity of another. End x=— a kept at 
Constant Temperature Vq. Initial Temperature Zero. 

With the usual notation, let v^, K^, Cj, refer to the interval 
—a ■< a; < 0, and v^, K^, c^, pi refer to a; > 0. 

Also let i^i—KilCip^ and K^—K^lc^pi- 


* The footnote on p. 203 applies here also. 
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Then the equations to be solved are as follows : 
. dvi__ d\ 


( 1 ) 

^ ^ dt 




-a < ic < 0; 


x'>o 


(2) '^ 1 ==% when a? = —a. 

(3) '^ 1=05 when 25=0, —a < < 0 : V2=^0, when t=0, ci? > 0. (3') 

(4) Vi=V 2 , whenaj==0, 


(5) jKj |^-==Ji 2 |~ when ,T~0. 
dx ax 


It is clear that == e-^^) 

where m=v^(/ci//c 2 ), satisfy (1) and (!'). 

They also satisfy (4) and (5), provided that 

■^1+-Bi=^2> ) 

Thus . ^l=i(l+cr)42. J5i=|(l-cr)^2. 

where a- ^^/uKilKi . 

Introducing the path (P) of Fig. 14 and choosing a suitable 
value for A 2 (this value is indicated by (2)), we are led to the 
solutions : 

^ J (H-cr)e-<“«+(l— o-)ei»« a , " 

and . 

the integrals in both cases being taken over the standard path (P). 

The expressions in (6) and (7) satisfy the differential equations 
(1) and (!'), and the conditions at ic=0 given in (4) and (5). 

They also satisfy the remaining conditions (2), (3) and (3'). 

For ^ ® 1 dn over the path (P) 

is equal, as before, to '^o* 

Also the roots of the equation 

(1+ O’) (1—0-) 

are given by 

a=:“ — ry- when fT>l, 

a 2a ^\a— 1/ 


n-ti i , 


l + x\ 


when 0 <;(r <C 1. 


208 


THE IJSE OF CONTOUR INTEGRALS IN THE 


We may therefore use Kg. 16 as before, and we see that and 
vanish, when i=0. 

We shall now simplify the solution of our problem we have 
obtained in the form of a contour integral. 

I. cr > 1. Put cr=coth 6 . 

(1+0-) +(1 — sin (aa;— id) 


Then 


jo—Kiart 


sin {aa+iOy 


Thm a f ‘-"“’da, over tke path (P), 
^ ittJ sm(aa+id) o 

_ r [ siu (ax—ie) sin (aa;+i6>) 1 
Isin (aa+iO) sin {aa—i6)j a 


=%- 


2Posinh2d T sina(a;+a) (8) 

tt Jo cosh 20 — cos 2aa a 


Similarly, 

VmM r I-" „„ the path (P) 

2 tt J sm (aa+^ 9 ) a 

(1 + tanli 0) sin a a) 

vq aijuLu I — (1 — tanh 0) sin ci {jux — ci) * 

cosh 20— cos 2aa 




Q sinh 2d 

’’’ Jo 


- Aa. 

a 


.(9) 


II. (7=1. 

Then | 

ITTJ 


i—Kiart 


da, 


1 


n 




^7r) a 


e-Kia.H j 

da, J 


over the path (P). 


These reduce to 

V-,=Vn 


TT 


!s re-«,a*t!EJL( 
■ Jo n 


(x+a) 


A. 


•a 


and 


“rf 

V TT Jjr+ffi 
2 v 

lof 

'7rJ» 


2-v/(Kt) 


®2=^| e-’i’d,;. 

2./(«0 

III. 0 < (7 < 1. Put < 7 =tanh d. 

(l + v)e^ +(1— <r) e-*" 
(1 + v) 6-*""+ (1 — (t) 


.( 10 ) 

.( 11 ) 


Then 


_cos(a^^d) 
cos(affl+id)’ 

^ Using the integral / j f as in § 05. 
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Also our solutions (6) and (7) reduce to 
__2vosinh20 p sin«(x+a) 

7r Jo coslx 2^ + cos "Ida a ^ 

and 


2^0 coslx‘^ B 1 

„0_ 

J 0 


( 1 + tanla 6 ) sin a (/>icc+ d) 

+ (l---tanh 9) sin a {fjiX—a) 
cosh 26> + cos 2aa a 


( 12 ) 


(13) 


This problem was discussed by Heaviside (loc. cit, p. 16), the gradient 
x~ - a being required for the question of the Ago of the Earth. This 
gradient follows at once from our solutions (6) and (7). 


We have 


ydx Jx=- a 


f (I +(r) - (1 

ttJ (1 -i-(r) +(1 


■ fr) 

- S') 


e - da^ 


over the path (P). 
(r~l 


Put /i = 


+ 1 ' 


=“ J (l +2 2^"e2nw«)e-<io‘>«(?a 
= - ( 1 + 2 f cos Snaa'j 

« / » _«’«% 

--jfe)(' -) 

Hence for large values of t we have approximately 


^ 1+^ 

\3iC/Xaai~rt 1 ^ 

~ _ „ 

When the surface is kept at y.ero and the initial temperature of the wliole 
solid is Vq^ it is clear that the temperature gradient, when .r=— «, will be 
minus the above. 

But the gradient in Kelvin’s classical treatment of the Age of the Earth 
(§ 28 above) was found to be VoK^Kity 

This modification of the problem, allowing for greater conductivity and 
capacity for heat in the interior than in the outer skin, makes the interval 
required for subsidence to the same gradient {K^c^p^)l{K^Cypi) times as great 
as before. 

With the data adopted by Perry and Heaviside,* and the above notation, 
{J^ 2 ^ 2 H)l{KiCypy) is nearly 450. Thus Kelvin’s estimate of 10^ years would 
he increased to 45 x 10® years. 


* Cf. j). 221 and the footnote on x>. CO. 

o 
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100. Rod of Length 1 . The Ends x=0 and ^.=1 kept at Tem 
peratures Zero and Vq, respectively. Initial Temperature Zero. 

It is clear from the argument of § 95 that 


_ 'Wq r ^ 

iir J sin al a 


—KO.H 


(la. 


.(1 


over the standard path (P) of Fig. 14 satisfies all the conditions o 
our problem. 

From this solution we obtain, as before, 


-kclH 


^ t da, over the path (Q) of Fig. 17. 


2i7r J sin al a 
And finally, by Cauchy’s Theorem, we have 


(-1)^ 


[ X 2 

^ sin— cce 


n 


mr 

T 


t 

J 


•(2: 


27r 


since the poles of the integrand are at 0, ± j, etc, 


Another form of the solution can be obtained as follows : 
We have, from (1), 


ITT J 


. X — gSiaa; Q—KaH 

Qia(i-x)- — ~ da, over the path (P), 


1 -gSiai 0^ 


e-KaH 


da 


= ^ y f (ew((2«-l)J-«) _eia((2«-l)Z+a;n 

1 J '■ 

9«, 00 /*» o- 

= {sma(( 27 i-l)Z+a;) -sina(( 2 ??.-l)Z -a;)}- 


— KaH 


da 




fi2n-l)l-\-x - 
e 


{^n+l)l+x 


(3. 




A similar treatment of (1) leads to two expressions for i 


"dv 


'dx' 


For example, we have 

{'dv\ Vq re-<o}t 

[d^Lo^i^j the path (P). 


r- W®7r“,~ 

=|>[l+22(-l)’*e 2- ‘] (4, 


The footnote on p. 208 applies liere also. 
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And 



f eM 

IT J J. “ 


e- 


d'lj ” 

~ ^ V ~l)ale~ xaH (la 


2vo 

JiirKt) 


0= 

V g 4Kt 


(■">) 


101. Rod of Length /. The Ends x^O and x—l kept at Tempera- 
tures Vq and Zero, respectively. Initial Temperature Zero. 

In this case the solution is obviously 


iTT J sin al a 


da. 


(1) 


over the path (P) of Fig. 14. 
And this leads, as before, to 




X 2 , UTT 

.. ^ xe 

I. TJ- ^ 40. 


n 


I 


•(2) 


The remarks as to a second form of the solution, and the gradient , are 

equally applicable to this case, which, of course, could bo deduced fi’oni the 
preceding by a cliange of origin. 


102. Rod of Length L The Ends x=0 and x-4 kept at Tempera- 
ture Zero and Ct, respectively. Initial Temperature Zero. 

In this case it is clear from the argument of § 95 tliat all the 
conditions of the problem are satisfied by 


G fsinaa? 
i/cTT J sin at 


da, 


(1) 


over the path (P) of Fig. 14. 

Again we may write (1) in the form 


0 fsiixar. 
2i/cxjsiuai a'* 


over the path (Q) of Fig. 17. 

And, finally, by Cauchy’s Tlieorem, wc have 


_Cx 

kI 


'x( , , GP 

ir— 


- nir 


t 


-( 2 ) 


When x-lii kex)t at tomperature Ct^, Ql^, etc., the results can bo obtained 
in the same way. 
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103. Rod of Length The Ends x=0 and x=?kept at Tempera- 
tures Zero and a cos cot, respectively. Initial Temperature Zero. 

In this case it is clear that all the conditions of the problem arc 




sin ax 


satisfied by 

ITT J sin al 

over the path (P) of Fig. 14.* 
We may write (1) in the form 
a Tsin ax 


,-Ka.H . 




da. 


•a: 


2i7r J sin al ^ 

over the path {Q) of Fig. 17. 


da 




And, finally, by Cauchy’s Theorem, we have 


sin . / 
a 

'/ £0 ^ 
\Yk) 

l(l+i)a: 

2 • 1 
sm w 

'(£) 

1 (1 +i) 1 




duit 


i 


I 2a-A , • WTT 

+ , X 


n^TT^IP 


n^TT' , 


a 


" cosh 2ju.l — cos 2juil 


I '^n^Tril^+co^/K^^ 

[{cos fj.{x—l) cosh fjL(x+l) 

— cos jii {x+l) cosh //(a?—/.)} cos cot 
—{sin ju{x—l) sinh jul (x+ 1) 

— sin /ui{x+l) sinh iul{x— /<)}sin 


2a y 


nTT n^TT^IP 

I /V* L 


where /x=^/(w/2/c). 


e~'Tr‘, 


Similar results may be obtained for the ease when a:=Z is kept at a sin mt 
and when the temperatures at a: = 0 and x=l are interchanged. 


104. Rod of Length /. The End x=0 kept at Zero. Radiation at x— 
into a Medium at Constant Temperature Vg. Initial Temperature Zero 

Here we have to solve the equations : 

dv d^) . J 

di~''dx^’ 0<a:<Z (1 

v=0, when^==0, (2 

dv 


dx 


'\-h{v—VQ)=0, whena?=Z, (3 


v=0, 


when x=0 ,....(4 


* The footnote on p. 203 applies here also. 
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Starting from tlie solution A sin of (1), which vanishes 

when x=0^ we are led by (3) to choose A so that 
a A cos al-\-h{A sin 


i.e. 


A = 


^ H 

a cos al+h sin a f 


Introducing the path (P) of Fig. Id, we obtain the solution of 
our problem in the form 

hV(. f sin ax , /-v 

7^-7 ‘ -'■7 ™ ('> 

^7r J a cos a6+/^ sin cd a 


the integral being taken over the path (P). 

It is easy, as in § 36, to show that the roots of the equation 

a cos ai+7i sin af— 0 (6) 

are infinite in number, all real, and not repeated. They are sym- 
metrical about the origin, and may be denoted by 0, ± ±a 2 , etc. 

The solution given in (5) reduces, by using the path (Q) of 
Fig. 17 and Cauchy’s Theorem, to 


^hvo I 


^ _l9 NT' /'_ 1 \n sin a.f^x 

I r X J \ ~ ^) 7- /-I 1 7 7\ r I *> ^ 

1 


T+hl 




■-Ka, 'H 


•( 7 ) 


the summation being taken over the positive roots of (6). 


If radiation takes place at x ™ 0 and x -= I into media at consi/ant tcinporatures 
VjL and Va? respectively, wo arc led to the solution in the form 

] r g-Kan 

v= (A sin ax 4- P cos a.i-) - 
ITT J ^ * a 

over the jiath (P), where A and B arc determined by the c([uations 
~Aa = \ 

A [(X cos al -}- h sin al^] -1- P[ - a sin al h cos a^] ™ hv .^ . J 

The case of radiation into a medium at Ct, etc., or a cos (of, a sin (uf, 
etc., can bo treated in the same way. 

For example, if radiation takes place at x~l into a inedivim at temperatures 
Ol, and the end = 0 is ko])t at zero, our solution is given by 

~ iKTT j a cos al + Ih sin al (P ’ 

over the path (P). 

In each case we obtain the value of v in the form of an infinite series by 
taking the path (Q) and considering the polos of the integrand. 

105. Rod o£ Length b composed of two different Materials. The 
Ends x=0 and x=b kept at Zero and Constant Temperature v^, 
respectively. Initial Temperature Zero. 

As in § 99, we let K^, pi refer to the first part of the rod 
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(0 < a: < a), and v^, K^, Cg, to the second (a < a: < b). Also we 
take 3 '^d K^—^^jc^p^. 

Then the equations to be solved are as follows : 


^ ^ dt 9*2 ’ 


0 <a: <a : 


d'^v« 


a,<x<b. ...(!') 


^2 
dt 

(2) iii=0, when x=0: ^^ 2 =% 'when x=h, (2') 

(3) %=0, when i=0, 0<a:<a: ^ 2 = 0 , when t=0,a<C,x<i.h.{^') 

(4) v^=V 2 , when x=a. 

(5) 

It is clear that 

Vj^—Ai sin 

V 2 ={A 2 sin jua(x~a)-l~B 2 sin fjLa{b—x)}e-‘^^^''^^ 
where ij.=^J{kiIk^, satisfy (1) and (!'). 

They also satisfy (4) and (5), provided that 

sin aa=aB 2 sin //a(6— a), . ) 

KiAi cos aa=K 2 jUi{A 2 —B 2 cos juLa{b—a))J 
Thus we take 

A 2 =(ar cos aa+sin aa cot ij.a{b—a))Axy 
sill aa 


B. 


:A, 


^~~sin y0ta(6— a) 
where <^"=^i/^2M=x/(^^iCi/Oi/^2C2P2)- 

Introducing the path (P) of Fig. 14 , and choosing a suitable value 
for A-^, we are led to the solutions : 

__Vq fsin aa 
^ Itt] F~{a) a 


da, 


.( 6 ) 


nrv 


y ='^ I sin gg sin yua (6— eg 

^ ^TT J ^sin/xa(6— a) F{a) sin /aa lb — a) 

where F{a)=cr cos aa sin />ca(6— a)+sin aa cos //a (6— -a), 

the integrals being taken over the path (P). 

The value of given in (7) reduces to 

y r<^co^<^<^sin/>ta(a;— a)+sinaacos/xa(cc— a) 
over the path (P). 


F{a) 


da^ (8) 
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The expressions in (6) and (8) satisfy the dilferential equations 
(1) and (!'), and the conditions at and x^a given by (2), (4) 
and (5). 

Further, putting x^b in (8), we have 


!o fl’ 

tt] a 


'^1 

iir 






over the path (P), and we know that this is equal to Vq. 

We shall prove below that the roots of the equation 

F(a)^ar COS aa sin /xa(6-~a)+sin aa cos //«(&— (9) 

are infinite in number, all real, and not repeated, and it is clear that 
to each positive root there is an equal and opposite negative root. 

Then using Pig. 15, as before, it will be seen that the values of % 
and V 2 given by (6) and (8) satisfy the initial conditions (3) and (3'). 

Finally, the solution is obtained as an infinite series. 

For we have, from (6) and (8), 


'Or. fsin ax , 

™<L f 0" aa sin /xa (x—a) + sin aa co s /xa {x-- a) 


2i,rJ 

over the path (Q) of Fig. 17. 


P(a) 


da, 


Hence Vi 
and 




0’/x(6 — a) + a ^F'{an) Un J 


.( 10 ) 


a- cos Un sin /x a^ (x — a) 
/(T/x (x -- a) -I - a , + sin a,, a cos ^xa,, {x -- a) 

^ f(T/xf/x — (l)-\-(l ^ F' iaJ) n 


, ( 11 ) 


fa-/x(/x“-a) + a ‘ ^ P'(«w) a 

the summation being taken over the positive roots of (9). 

When the conditions at the surface arc of the form disciisscd in 
the previous pages, the method of this section can be applied witli 
success to the solution of the problem. 

106. It reiuaiiiH to cliscuaH the roots of the (j(piatioii F{a)^-A), Thoso ai-o 
the common roots, if any, of 

sin aa ==0,1 

si n /xfx(& - a) = 0 , J ^ ' 

and the I'oots of (r cot aaH- cot /xa(/> - a) =^0 (2 ) 

The equations (1) will have common roots other than zero only if /x(6 al/a 
is rational : and if /x(6~a)/a is small, these values of aa will be larf^e. 

From the curves y — ercot.x’, 1 


' cot /X ~ .'X' 
a 


V 

’■•■J 
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it is clear that there are an infinite number of real roots of (2), and tbeir 
{K>sition can be determined. They are symmetrically placed with regard to 
the origin and they are not repeated. 

Further (2) cannot have a pure imaginary root, z?; say, since 
(T coth ar] +coth fjL7}{b -a) 

cannot be zero. 

We shall now show that there are no imaginary roots of (2) of the 
form gib/. 

Consider the function U defined as follows : 

j' =sin CLT, 0 < a; < a, 

sin aa - /tv i 

16-. = -^-- rr rsm/xa( 6 “./■), a < x < b, 

t " sin/jta{6-a) t ^ 

where a is a root of F{ii) = 0. 

Then we have ^a-Ui — O, 0 <x <a, (12) 


Then we have 


-r {iVU^ = 0, a <x <b. 


Also I.\ = 0, when x = 0 ; Uo = 0, when x — b. 

And L\ — Uzi when x—a. 

Further, when 

dU, di\_ 

~ sin/xa(7/ — a) "" — a)} 

= 0, since Ki — cruKi. 

Let a and /I be two different roots of F(a) = 0. 

Let I'l, Ui have the values given above, and let Fi, Fg be the corresponding 
expressions when P is put in the place of a. Then w^e have from (12) and (13), 

'^(a'--f^)iy,r.d.v+~ jjL\"V^-U.V3")dj;=0 (14) 


Therefore 


(«* - / 8 *) I C\T\ d.>:+ I { - C/JY) dj;=0. 


(a^ - /?^) [ f dx+^ U^V.. 

= ~ C/'V,)dj;+ (ViFi"- U^''Vr)d.v 

= h^\(KxV,'-K,V,\+ V,{K, U,' - K^LWl 


But we have seen that 


K i£l-K ^2 1 


when a;=a. 
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It follows that 

I da+!^ ir,V, (fo-|=0 (16) 

It is clear from (16) that a, /3 cannot be of the form since Ui, 

and U 2 > V 2 would be conjugate imaginaries and 

I’ViFi dx+!^ j'‘ 0\V,d.f 

would be positive. 


FLOW OF HEAT IN A SPHEEE. 


107. Wiien the initial and surface conditions in a homogeneous 
sphere are such that the isothermal surfaces are concentric spheres, 
we have seen that the equations for the temperature can be reduced 
to those for a rod whose length is equal to the radius (§ 64). When 
the initial temperature is zero and the surface is kept at the 
constant temperature Vq, the equations for v are as follows : 

d 92 

™ (w) = /c ^^2 (vr), 0 < r < a, 

i;=0, when t=0, 

v=Vq, when r=a. 

Thus, from § 100 we have 

-Una f sinar , 

da, 

ITT J Sin ad a 

over the standard path (P) of Fig. 14. 

Also 




Thus, 


■jr 


o — kclH 


da 


TT J( 


Q-KaH . 


2vQa 


TT 
, iVnd 




itma Q-KaH 




e''*^°‘'^da . 

0 tt ^Jo 




COS da 


fdv' 
9r 


;) ^ 


sj (irKt) a ’ 


approximately when t is large. 
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And when the initial temperature of the sphere is and the 
surface temperature zero, we have the approximation 


-^0 ^'o 

\drJr=.t a J(-KKtY 


Let and L be tlie times required for subsidence to a certain temperature 
gradient at the surface in the plane problem (§28) and this spherical 
problem. 


Tlien we have 


^ Vq 


Therefore 

Let 


1 1 ^{ttk) 

v'fi s!k a 
4* T- 


Theii 


” =^^/(7r/cti), approximately. 


But the gradient of 1 degree in 5<) feet adopted by Kelvin is the same as 
1 degree in 2743 cm. 

Also a = 6-;iS X W cm. and ro=4000® C‘. 

It follows that ^ i 

V\ At? 


108. Sphere of radius b composed of two dijfferent Materials. From 
r=0 to r=a of one: from r=a to r=b of another. Surface r=b 
kept at Constant Temperature Vq. Initial Temperature Zero.f 

As in § 105, let refer to the part from r~0 to r—a, 

and v^, c^, ps to that from r=a to r=b. 

Also let ki=Ki Cl Pi and c^p^. 

Then the equations to be solved are as follows : 




dVi_ f dH'z 
dt 


2 

r drJ’ 


a<r<h.(l') 


(2) i'i—i'o, when r=h. 

(3) fi=0, when/ = 0, 0<r<a: r,=0, when i=0, a<Yr<Cb. ...(3') 

(4) i’i = r,, when r=a. 

( 5 ) when r=a. 

*Tliis agrees with Heaviside's result, loc. cit., p. 14. 

t Heaviside toIv^ this problem by his “operational method’* (ef. loc. cit., 
p. 19), but he ha^ not published his investigation. See also the papers by 
Bromwich and the author (Camdrid^e, Proc. PhU. 8oc., 20) ref erred to on p. 201. 
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On putting Vir=u^ and these reduce to : 

9mi t \ ^ ^ 

0 <r<a: 


a<^r<h. 


7) %=^5 wten r==0: =bvo, when r~b (7') 

8) ^ 1 = 0 , when 15=0, 0<r<a: ^ 2 = 0 , when ^=0, a<^r<C,b. (8') 

(9) Ui='^( 2 , when r=a, 

(10) (^a {a when /=a. 

It is clear that 

Uj—A^ sin 

U 2 ~{A 2 sin fxa{T—a)+B 2 sin fxa{b~~r)) 
where M=\/(«^i//f 2)3 satisfy (6) and (6'). 

They also satisfy (9) and (lO), provided that 

Ai sin aa== jBg sin (6 —a), \ 

/iiJ!i[aacos aa— sin aa]=K2[fj.aa(A2—B2COSiuLa{h—a) ■ 

— £2 sin jua(b—a)].J 

Therefore 


aa^ 2 “” -^2 /xa(/j—' a)+- sin /xa( 6 — «)J 

= cr(aa cos aa— sin aa) xlj, 

where Ki=K2juLcr. 

Thus we take 

crcosaa sin /Aa( 6 — a)+sin aa cos yua( 6 — a) 

+- — ^sin aa sin uaib—a) 

j j 

sin;ua( 6 ~a) 

i> __ sin aa ^ 

JOo 77 T -^ 1 * 

sm fiaib — a) 

Introducing the path (P) of Fig. 14 , and choosing a suitable 
value for A ^ , we are led to the solutions : 

6^0 fsin ar 7 .... 



to. ff rin ,,(r-») , 

^ ^TT J ism//a( 6 — a) P(a) sm/xa(b— a)J a ' 

where P(a) = cr cos aa sin /xa( 6 “a)+sin aa cos fjLa{b—a) 

I - ^ ccin nn emm /y V 


- sin aa sin ij.a{b—a), 


the integrals being taken over the path (P). 
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The value of iio given in (12) reduces to 

,creos aa sin ^aa (/—«)+ sin aacos juLa{r—a 


- 


sinaasm/iaf/— a) „ 

/xaa ' ' e-'-" ‘ 


i’(a) 


da, (13) 


%ir* 

over the path (P). 

The values of Ui and i/g given in (11) and (13) satisfy all the 
conditions of our problem. For, from the way in which they have 
been built up, they obviously satisfy (6) and (6'), and the conditions 
(7), (9) and (10), which hold when r~0 and r=a. 

Further, putting r=6 in (13), we have 

~KiO.H 

da. 


iir J a 


over the path (P), and we know this is equal to bv^. 

It can be proved just as on p. 215 that the roots of the equation 
P(a) — crcos aa sin //a (6— a) +sin aa cos fj.a{b—a) 

, \—fX(T . 


fiaa 


■smaasmjULa(b—a)=0 (14) 


are infinite in number, all real and not repeated, and to each positive 
root there is an equal and opposite negative root. 

Assuming this to be the case, it follows from Fig. 16, as before, 
that the values of and 1(2 in (11) and (13) satisfy the initial con- 
ditions (8) and (S'). 

Finally the solution is obtained as an infinite series.. 

For we have, from (11) and (13), 
bi\ f sin ar , 

-rTT-T ~ da, 

^ IiTT J F (a) a 

,( 7 C 0 s aa sin ^a(r-— a)+sin aa cos /x a (/•—«) 

, 1 — 


„.4. 


fiaa 


sin aa sin (r — a) 


-KiaH 


F(a) a 

the integrals now being taken over the path (Q) of Fig. 17. 
Hence 

«s=n’o+2&t!o 

crcos a„a sin jua„(r— a)-}- sin a„ a cos fia„[r—a) 
+^sina„asm^a„(r-a) 

TiZ) «n 


da. 


(15) 
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the summation being taken over the positive roots of the equa- 
tion ( 14 ). 

When the surface is kept at a temperature 67, C7-, etc., or 6'cost*>6 etc., or 
radiation takes place at the surface into a medium at a constant t-eriiperature, 
or at one of these just named, the metlnxl of this section can be applied with 
success to the solution of the problem. 

109 . When the sphere of §108 has its surface kept at zero temperature 
and the initial temperature of the whole solid is the temperatures in the 
inner and outer parts follow from §108 (15) and are giv’en respectively by 

26 ®o^siiia„}- e"’'”'"’* 


r r 


cr cos a sin /m^ (r-a) + sin a^a cos {r~a) 

F(aJ ij„ 


The summation is taken over the positive roots of the equation F{a)~0 
[§108 (14)]. 

nrn 


or cos a^a cos fxa^ (b - a) + sin a„a cos /xa„(5 - a) 

^2uv I - sin a^g sin fxajb - a) 

The equation jF(a) = 0 will be satisfied by the common roots, if any, of 

sin aa=0,l 
sin fjLa(b — a)—oJ 


and bv the roots of 


sin fia(b — a)=0j 

cr cot cxa + cot jxa {b - a) + = 0. 


The equations (1) will have common roots other than zero only if ^{h~<i) 'a 
is rational : and id 'jx{h — a)la is small, these values of aa will be large. 

With the data adopted by Perry and Heaviside in c.g.s. units, and the 
above notation : 


a = 6*38x10®, 
A-, = *47, 

Cipi=2*86, 

ki.=^ = -1643, 
<Vi 


6-a=4xl0®, i 
Cgpg = *50 1 , 


/X = ^y (1^1/12^2 ) — 3T42, G’=^/((.K^iC 3 Pi)/(.£^ 2C2P2))~21‘1, /xcr=T9. 

Also the equation (2) above becomes 

21*1 cot .z* 4- cot (2 *35 x 10~*.r) - ^?=0, where aa=x. 
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Tlie first r(w>t is 2-9871 ; the second root is .^■2=5*980; and the later 
!*(jots approach 47r, etc. Also i is large. 

Thus we may take the tii-st term as a good enough approximation for the 

gradient when r— 6. 

In the Age of the Ruth problem (cf. § 28), the time of cooling to the 
gradient 1 degree in 50 ft. or 1 degree in 2743 cm. is required. 

It will be found* that the equation 


1 

2743 


2/xro 


or cot aja cot /auj (5 - a) + P-^i (h - a) ~ I 

era cosec- a^a 4* ft (& — a) cosec- fia^ (6 — o) 4- " 


e-KiaiH 


gives for the time in years 9*02x10®. This is alx>ut one- fifth of the result 
found in §9f) for the corresponding plane problem. 


FLOW OF HEAT IN A CIRCULAR CYLINDER. 

110. The method employed in the preceding sections is also 
applicable to the case of the circular cylinder, when the temperature 
V depends only upon r and t. 

In this case the equation of conduction becomes 

dt “Kdr^^rdr/' 

We shall refer only very briefly to certain problems for the 
Cylinder, as .with a little practice these can be easily solved. 


I. Cimdur Cylinder of radius a. Surface at Constant Tenvperature 
Vq. Initial Temperature Zero. 

It is clear that 


27rJ a 


da, 


( 1 ) 


over the standard path (P) of Fig. 14, satisfies aU the conditions 
of the problem, for the zeros of Jq{z) are known to be real and not 
repeated,! and when ^=0 we can use Fig. 16 as before. 


* Cf. Proc. Camb. Phil. Soc., 20, p. 404, 1921. 
t Cf. Watson, loc. cU., §§ 15. 21, 15. 25. 
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The solution given in (1) can be put in the form 

2i7r]J,{aa)a ’ 
over the path {Q) of Fig. 17. 

And, finally, we obtain 

[i , 

J’ 

the summation being taken over the positive roots of Jo{aa)=0. 
(Cf. §57, 1.) 

IL The 8ame Solid. Surface Temperature Ct. 

Here our solution is 

C CJoiar) 

(1) 

Iktt j Jq (aa) 

over the path (P) of Fig. 14. 

This reduces to 


.( 2 ) 


r j, ... 

the summation being as before. 

For certain applications* the mean temperature over the cylinder is 
required, i.e. 

I r ^ r 

— / ^TTTvdr. or ^ / vrdr. 

7ra-Jo a- Jo 

This could be obtained from ( 2 ), or more directly, at once from ( 1 ). 

By the latter method, we see that 


2 r 

the mean temperature =-3 vrdr 


integrating over the path (P). 

-a ^ 

But / rJQ{ar)dr= — J^ian). 

JO OL 

20 re-'”’* J.’(aa) . 


Thus the mean temperature = 


/S' 




da, over the path (P), 


= "= I d -TT—i da, over the path (0, 

iKTraJ */o(aa) ’ ^ ^ ' 

=ori-^+±y £"“"'‘1. 

L 8 k a?K~\ J 


* Cf. Bromwich, Phil Mag., London (Ser. 6 ), 37 , p. 413, 1919. The mean 
remperature over a sphere follows from § 102 in the same way. 
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III. The Same Solid. Surface Temperature C cob wt. 

Here our solution is 

f £-<-■( - 

iir ] Jq (a«) + (o^i ic~ ’ 

over the path (P) of Fig. 14,* and this can be reduced, as before, to 
an infinite series. 

IV. The Same Solid. Radiation at the Surface into a Medimn at 
Constant Temperature Vq. 

Here our solution is 

over the path (P) of Fig. 14. which can be reduced to an infinite 
series, as before. 


The footnote on p. 203 applies here also. 


CHAPTER XII 


INTEGRAL EQUATIONS AND THE EQUATION OF 
CONDUCTION 


111. Introductory. 

An integral equation* is one wMch. involves an unknown function 
under the sign of integration. The equation 

<t>{x)=\^K{x,i),p(i)di ( 1 ) 

is called a homogeneous integral equation. The function <j>{a:) is 
the unknown function. The known function K{x, is called the 
kernel (or nucleus) of the equation. It will usually be a continuous 
function of {x, f) in the region a^x~b, a~^=b with which we 
are concerned. More general conditions for E{x, f) are referred 
to in the works cited in the preceding footnote. 

In the theory of integral equations it is shown that the only 
continuous function which satisfies (1) is <l>(x)=0, when X is not a 
zero of a certain function D{X) associated with this equation. 
The roots of the equation D(X)=0 are called the characteristic 

*For a discussion of the elementary theory of integral equations, reference 
may be made to Bdcher’s Introduction to the Study of Integral Equaiiona (Cambridge 
Tracts in Mathematics, No. 10). There is a short chapter on the subject in 
Whittaker and Watson’s Modern Analysis, and a much fuller treatment in 
Goursat’s Cours dl Analyse, T. III. 

For the applications, the following works will be found specially useful : 

Horn, Einfuhrung in die Theorie der partieUen DifferentialgleichuTigm, Leipzig, 
1910- (Sammlung Schubert, LX.) 

Kneser, Die IntegralgleichuTigen und ihre Anwendungm in der mcdhematischen 
Physih, Braunschweig, 1911. 

Heywood et Frechet, D Equation de Fredholm et ses Applicedions a la Physique 
Mathematique, Pa,ris, 1912. 

Hilbert, Grundzuge einer allgemeinen Theorie der linemen Int^cdgleichungm, 
Leipzig, 1912. 

Vivanti, Elementi della teoria deUe equazioni iniegrali Un&m, Milano, 1916. 
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numbers of this kernel. When K{Xy is a sjnnmetric function 
of X, the characteristic numbers are known to be all real. 

Let <l>{x) be a continuous function, not identically zero, satisfying 
(1) for a value of X which is a root of D (X)=0. It is said to be 
a characteristic function corresponding to this characteristic number 

X. Also it is said to be normalised if J (p^dx=l. 

It is known that if corresponds to X^ and <pni^) to 

another characteristic number X„ for a sjnnmetric kernel, then 

\ 4>m^ndx=0. Functions for which f <p{x)-\}r(x) dx~0 are said 

to be orthogonal, and they are normalised orthogonal functions if, 

in addition, f <l>'^dx=[ \lr-(x)dx=-l. 

J a t a 

In the case of finite S3mmetric kernels there is an upper limit to 
the number of orthogonal characteristic functions which correspond 
to the same value of X and every other characteristic function, for 
that value of X, is linearly dependent on these orthogonal functions. 
There will thus be a set of characteristic functions 

... 

finite or infinite in number as the case may be, orthogonal to each 
other and normalised, such that every characteristic function of 
this symmetric kernel is linearly dependent upon a finite number of 
them. Such a system is spoken of as a complete orthogonal system 
of normalised characteristic functions of this kernel. 

With regard to such a system we have the following theorem : 

Let <px{x), be a complete orthogonal system of normalised 

chxtrc^cteristiG functions for the homogeneous integral equation with finite 
symmetric kernel rb 

and Xi, the corresponding characteristic nurrtbers. If the series 

4>n{i) 

^ An 

is uniformly ammrgeni in the region a=x^b, then its 

sum is K (x, I) cd emry point at which the kernel is continuous. 

Of this theorem we shall have to make frequent use in the applica- 
tions of lateral equations of this type to the solution of problems 
in the conduction of heat. 
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112. Integral Equations and Linear Plow of Heai 

Consider now the temperature problem for the rod of length /, 
the ends kept at zero, the initial temperature being the arbitrary 
function J{x), 

Then we have the equations : 


0<a^<7, 


Putting 


dt 


17=0, when and 
r=f(pc), when /=0. 
we have 


r+X^ — 0, 


^=0, when x—^ and x=/. I 

Thus X=n^7r^lP, and choosing ^ so that | <p“{x)dx^l, the 
normalised function (pn is n being a positive integer. 

Also the functions ^ are orthogonal, since [ <p^(pndx=l, m^n, 

ISTow there is a continuous function K{x, f), which satisfies the 
equation for steady temperature (i!'"=0), and the same boundary 
conditions, while its differential coefficient with regard to x, denoted 
by K'{x^ £), is continuous except at x=^, where it is discontinuous 

in such away that K'(x, ^)~] =1. This function is called the 

L Jf+o 

Green s function for the steady temperature equation.* It is the 
steady temperature due to a constant source of a certain strength 
at the pt)int and in the case given above it is clear that 

all the conditions are satisfied by 

=i{i-xii), i<x<i. j ^ ^ 

Let F{x)=<l>(x)K'(x,i)-f'{x)K{x,i), 

where (p{x) is given by (2). 


* The Green’s functions employed in the application of Integral Equations 
to the Conduction of Heat must not be confused with tboee to which the »me 
term was applied in Chapter X. 
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Then F(x) is discontinuous when but it is otherwise con- 

tinuous in (0, I). 

Also F'(x)~XK{x,^)(p(x), except when 

Therefore f F'{x)dx—X [ K (x, (f> (ar) dx, 

Jo Jq 

But jV(2-)=|V(a-)<fe+jV{z)(i:r 

= j^J'(x)J , since F(0)—F(/)—0. 

It follows that 

Thus rA'(x, |)<^(^) rfx, 

Jo 

and since F (x, f ) is a symmetric function of x, we have 

H^) = \fF(x,e)<^(i)di (4) 

Jo 

Thus the fund iom (f>(x) of (2) occur as eharacferistic functions of 
the homogeneous integral equation (4). 

The converse is also true. Every continuous solution q>{x) of the 
integral equation (4) satisfies the equations (2). 

W e start with ^ (^) = X f K (r , i)<p{i) d^, 

Jo 

where E (x, f ) is given by (3). 

Since K'{Xy is discontinuous when we cannot differentiate 
under the sign of integration, it we rely only upon the theorem 
proved in F.S, § 78. But it is easy to extend that theorem to such 
a case as this by the following method :♦ 

Let K{x, i) be given by (3) above, and let 

f(x. i)=K{x, when xd 

=K(x, ^)-}-(x-ib when x>^. 

Then f(x, ^.nd this function is continuous in {x, £) 

* For a discoKjion of the question of difierentiation under the sign of integration, 
see Hardy, Q. J. JsfolL, Lomdan, 3£. p. 66, 1901, and Mem Matk.j Cambridge, 31, 
1902 ; si 190L 




ill the region O^x^l, Also ^ is continuous in this 

region. ^ 

Further, 

= x jV(:r, Hi) di+\^J[x, i)Hi) di 

\nx, i)Hi)di-\ \\x--i)Hi)dt 

Jo Jo 

Therefore 

0'(a;) = x£ 

(5) 

Again, we cannot differentiate (5) under the sign of integration if 
we rely only upon the theorem of F.S,, §78, since the integrand is 
discontinuous when But we can extend that theorem to 

such a case as this in a similar way : 

Let g{x, i) = K'{x, = when x<i, \ 

= K'{x,i)+l, wh.enx'^i, J 

Then g{x, i) = l—ill in the given region, 

and (p'{x)=:X [ g{x, i)(p{i) di-X f ^(i) di. 

•'0 Jo 

Therefore ^"(») = A ^£<p{i) di-\ ^{x) 

= —\(j>{x), since ^=0. 

Finally, since K{x, i) vanishes when x—0 and x=l, the func- 
tions (f> defined by (4) also vanish when x=0 and x=l. 

Thus we have established that all the characteristic functions of 
the homogeneous integral equation (4) are solutions of ike equations (2). 

In this question the characteristic numbers are n^ir^jl^, where 
n is any positive number, and a complete normalised orthogonal 
system of characteristic functions is <j>x{x), ••• j where 
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But the series 


vi 


. HtT . ilTT- 
sm-j- 1 


is uniformly convergent in the region 0 = ^ 

It follows from the theorem enunciated at the end of § 107 that 
for K {x, f ) as given in (3) we have 

- ^n(^)*Pn(i) 




( 6 ) 


US. The real difficulty in the solution of the problem of linear 
flow of 112 consists in establishing the possibility of the expansion 
of the arbitrary function in the appropriate series. From the result 
in (6) above, it can be showm that the arbitrary function f{x) is 
equal to the sum of an infinite series of these characteristic 
functions, pro^dded that 

f(x)^ 

•^0 

and \lr{x) is boimded and integrable in (0, 

For we are given that 

K{x. 

1 

and this series is uniformly convergent in the region 

o^i^i 

It follows that f{x) = f 2 yp' (f ) 

Jo 1 A„ 

=1"^ ii) i) </>„{>]) 

(F.S., 179) 

(Fii, ri) being symmetric) 

^n{i)i^{i)di. 

AfiJQ 


*I{ f(x) satisfies this condition, it follows from F.S* §77, II. that it is 
continuous. 
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Thus wheu/(x) can be put in the form 

£x(a-, i) ir(i) ii, 

and is bounded and integrable in (0, /), we have 

/(•r)-=S«r.'>«W= ''■here a„ /(y) ),/x . 

1 Jo 

Also the solution of the temperature problem of § 112 is 

1 

114. The other problems for the nxl of length I can Im* treated! in 
the same way. 

I. Suppose the end a*—!) kepi at zero and that r addition takes 
place at x = l into a medium at zero. 

Then w^e have the equations : 

dv___ dh' 

r=0, when 

when x=l, 
ax 

^z=:f(x), when ^=0. J 
Putting v=e~^^<p{x), we have 

with the same conditions when x=0 and x=L 
The Green’s function if (x, is as follows: 

Also the characteristic numbers are X—a\ where a is any piMtive 
root of h tan al+a=0. 

The normalised characteristic functions are 

565 E. p. 

The series ^ ^ {j^ found to be uniformly con- 
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vergent in the region and we have 

1 

II. Suppose radiation takes place at both ends into a medium 
at zero. 

Then the conditions at the ends are 

--^-\-hv—0, when x=Q, 


In this case 


^-\-hv—0, when x=^l. 
ox 


K{x, , 0<x<i, 


2h+lh^ 

{l+hi){l+h{l~x)) 

^h+l¥ 


, f < a; < L 


Also A=a\ where a is auy positive root of (a^ — tan aZ=2a72.. 
The normalised characteristic functions are 

«a;+^ sin oa:). (Cf. §36.) 

Also Z(a;, ^)=V^2M5y£). 

1 

In these two cases the possibility of the expansion of the arbitrary 
function in the required series, when it is subject to the condition 
stated at the beginning of § 113, follows in the same way. The 
solution of the temperature problem can then be written down. 


When h—0 this discussion fails. For a treatment of the problem when 
no heat escapes at the ends, reference luay be made to Kneser’s work cited 
above, Ch. I., p. 19. 

115. Fourier’s Eing. 

For the ring of unit radius, treated in § 12, when there is radiation 
at the surface into a medium at zero, we have the equations : 

dv dh) ^ ^ \ 



v=f{x), when 0, 
where 6 is a given number. 


( 1 ) 
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Putting <p{z), we have 

( 2 ) 

with the same conditions when x=~-' 7 r and x=7r. 

Thus we have />t=0 and and the corresponding normalised 

functions are - -/ vl t and ~ - cos nx, -4-sin^^cc. 

J{ 27 r) Jtt Jtt 

It will be noticed that to the number there correspond two 

orthogonal functions -7^ cos^a? and 

n/tt Jtt 

Now there is a continuous function K{x, f), which satisfies the 
equation for steady temperature {Kv"—bh)= 0 ), and the same 
conditions at --tt and x, while its differential coefficient K'(x, £) 
is continuous except at where it is discontinuous in such a 

way that ^K' [x, f)J =1. 

This function — the Green’s Function for the equation 
where c^=b^lK — is as follows : 

— / 

Also it follows as in §112 that, when (p{x) is given by the 
equations (2), 

<p{x)^X K{x, ( 4 ) 

where X=/>t-f-c^. 

And all the characteristic functions of ( 4 ) are solutions of the 
equations (2). 

The special feature of this question is that, to each characteristic 
number other than X—c^, there correspond two orthogonal character- 
istic functions : 

e.g, Xn~c^+n^ has -^cosncc and -^sin^a;. 

Thus the theorem at the end of § 110 in this case leads to 




' cosn^+sin nx sin 


^ ^2xc^ x-V ^ 

__ 1 l^ cos^(a;— 
2xc^ ' x-V ’ 
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provided that this series is umformly convergent in the region 
— TT^x^'TT, a condition which is clearly satisfied. 

The remarks in the previous section about the possibility of 
expanding an arbitrary function in the appropriate series apply 
also to this case. Thus we obtain the Fourier’s Series for /(jr), 
under the condition stated above, for the interval (-—tt, tt) and the 
solution of the problem of Fourier’s ring. 


116. Two-Dimensional Problems. 

The solution of the general problems of conduction in two and 
three dimensions can be made to depend upon integral equations by 
the introduction of a Green’s . function similar to that which is 
used in the theory of potential ; but the rigorous treatment of this 
work is harder than that in the previous sections, since the kernel 
of the integral equation has an infinity in the region in which 
integration takes place, the integrals being surface or volume 
integrals, and the series are double or triple. Space does not 
permit of more than a shght sketch of the method ; and we take 
first the two-dimensional case where the boundary is kept at zero. 

Here we have to solve the equations : 


dv (dH . 

inside a curve a 'j 

on the curve G, 

v==f(x), when ^=0, inside the curve 0. 
As before, we put y), and we have 


•(1) 


.( 2 ) 


<f>=0, on C, 

The Green’s function — which we shall denote by K{x,y; x', y')- 


is the solution of the equation which vanishes on the 

curve C and is finite and continuous, as also its first and second 
differential coefficients, inside C, except at the point {x\ y'), where 
it becomes in fi nite as — (logr)/2'7r when r->0. This function is the 
steady temperature at the point {x, y) due to a constant line source 
of a certain strength at the point {x\ y'), the boundary curve 0 
being kept at zero. 

We now apply Greens Theorem in two dimensions to the region 
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bounded by the curve G and a small circle F' whose centre is at 
{x\ y')^ the functions employed being K{x,y; x\ y') and a function 
^ y) satisfying the equations (2). 

Then we have 




•( 3 ) 


where denotes differentiation along the normal drawn outward 

from the region of integration, and the integrals on the right are 
taken round the curve G and the circle F'. 

But V^K—0 and V2^+X0=O in the region through which 
integration takes place ; and cp, K both vanish on the curve G ; 
while K{x, y\ x\ y') is infinite as — (logr)/27r, when at the 

point {x\y'). 

Thus from (3), on letting the radius of the circle F' tend to zero, 
we have pr 

(j> {x', y')=X\\K(x,y] x\ y') y>(x, y) dx dy, (4) 


the double integral now being taken through the region bounded 
by C. 

A similar application of Green’s Theorem in two dimensions to 
the region bounded by the curve G and small circles F', F" with 
centres at {x', y') and {x'\ y"), the functions employed being 
K{x, y; x',y') and K{x, y\ x", y'’), shows that 

K{x\y'; x'\f) = K{x\y"; x\ y'). 

Thus the Green’s function K{x,y; x', y') is a symmetric function 
of the two pairs (x, y) and {x\ y). 

It follows from (4) that 


y)=xj|z(a;, y, x', y')4>{x', y)dx'dy, (5) 


the double integral being taken through the region bounded by G, 
and {x, y) being any point in this region. 

Thus the numbers X and the functions 0 of equations (2) enter 
as the characteristic numbers and characteristic functions of the 
homogeneous integral equation (5) with a sjumnetric kernel. 

Also the converse is true. The theory of potential shows that 
when 0 {x, y) is defined by (5), we have 

0=0 on G.J 


and 
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The characteristic functions corresponding to different character- 

istic numbers are orthogonal, and they are to be normalised by 

arranging that rr ' , 

JJ y)dxdy=l, 

the integral being taken through the given region. 

The question of the expansion of the arbitrary function defining 
the initial temperature in a complete series of orthogonal character- 
istic functions, and the corresponding expansion of the Green’s 
function, offer greater difficulty than in the case of one-dimensional 
problems. For a full discussion of these topics reference must be 
made to the works dealing with integral equations. 

The argument of this section applies equally well to the case 
when radiation takes place into a medium at zero, the condition at 

dv 

the boundary being replaced by ■^+hv=0, both in the statement 
of the problem and the definition of the Green’s function. 


117. (i) Consider the temperature problem for the rectangle 

.r=0, 

the sides kept at zero. 

Here we have = sm .v sin — y, 

where m, n are positive integers, and 


The normalised function will be given by 

, 2 . niTT . OITT 




Sill -7- X Sin — ?/ Sin ■ 
0 C 


■T-;r sill — ?/ 
h c 


Also ^ ^ ^ 

assuming that the general theorem of § 107 applies to this case, 
(ii) For the cylinder r=a, the surface kept at zero, we have : 






V( ^ I) 


, when Qi > 0, 


and 
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The characteristic numbers being where a„j,„ is the wth positive 
root of the equation Jn(o.a)~0, 

^ 'y' «7 q {ct-ffi, Q ^‘) *^0 ( 0 ^* ) 


Also S 


' JO 


1 ® . 
+^S 2- 




"TT TO=:1 H = 1 




cos 92 (0- 0'). 


For a fuller discussion of these and other similar problems reference may 
be made to Kneser’s book, cited above. 


118. Three-Dimensional Problems. 

The work of § 116 can be extended to three dimensions by using 
as Green’s function the solution of V^^^— 0, which vanishes on the 
surface of the solid, and is finite and continuous, as also its first and 
second differential coefficients, inside the solid, except at the point 
{x\ y\ z'), where it becomes infinite as iM^rr when r->0. This function 
is the steady temperature due to a constant source of a certain 
strength at the point (pc', y\ z'), the surface of the solid being kept 
at temperature zero. 

The equation 

is reduced to V ^0 + — 0 

by the substitution v~e~'^^^y>{x,y, z). 

And we have 


^{x, y, z)=\ 



y, z; 


y', z')<j>{x', y', z')dx'dy'dz'. 


the integral being taken through the sohd. 


EXAMPLES ON THE CONDUCTION OP HEAT. 


1. An infinite solid is bounded by the plane a;=0, across wliicb it radiates 
into a medium at zero. The solid is initially heated throughout to the uniform 
temperature iv Find the temperature at any point at any subsequent time, 
and prove that at the time t the temperature at the surface is given by 

sjTrJo 


2. If the temperature of an infinite solid has different uniform values 
F, F' on opposite sides of a given plane, prove that at any subsequent time 
the temperature is given by the expression, 

X 


F 4- F' . F -JT f2x/(Kt) _ 


i- K - y p 

2 Jtt jo 


e-mK 


X being measured from the plane towards the side where the temperature was 
initially F. 


3. A uniform bar is given with the two halves of its length at two different 
temperatures and i\. Find the temperature of any point of it at any 
subsequent time, the surface being so protected that there is no gain or loss 
of heat from without. For example, take an iron bar 50 cm. long. The 
thermal conductivity of iron (c.as. units) is -16 (water being standard sub- 
stance) and its thermal capacity per unit volume is *875. Prove that at 
1400 seconds from the beginning the temperature at either end will be 


4 . A bar of length I is heated so that its two ends are at the temperature 
zero. If initially the temperature is given by 

show that the temperature at the time t at any point is edven by 


Sce-H( 
v= t-A e 


, TTX 1 — 
SUIT +3 e 




- Zttx 




* These problem^ are mostly taken from the Examination Papers for the Cam- 
bridge Mathematical Tripos. Some of them have already been pubhshed in 
Turner’s Examples on Heat and EUctricUv. 

238 


EXAMPLES ON THE CONDUCTION OF HEAT 


239 


6. One end of an infinite rod is kept for a long time at temperature 
there being surface radiation. A part whose extremities are distant h and 
h+l from this end is then cut from the rod and kept from loss or gain of heat. 
Show that the temperature at time i at a point distance x from the end of the 
part is 


1 “ 1 . 
2 — 


cos “'c 

e 




+- 


IF 


where a is a quantity depending upon the material of the rod. 


6. One face x—c of an infinite slab is kept at temperature zero. The 
temperature of the other, cc =0, is kept up to the time t at pi, p being a con- 
stant. After the time t it is kept at a constant temperature. Find expressions 
for the temperature at any time, and show that if ^ is so great that 
may be neglected, the total quantity of heat which has passed across unit area 
of the surface up to the time tis 

where s is the capacity for heat per unit volume, K is the conductivity, and 


/?^=- 


7. A uniform cylindrical bar, of length I and small cross section, is kept 
at a constant temperature Vq at one end and placed in a medium at temperature 
zero. If the temperature at a distance x from the end in the steady state 
is prove that half the radius of the bar and the ratio of the conductivity 

to the emissivity are each equal to a— 1. 

When the steady state is attained the sides of the bar are coated with an 
adiathermanous substance, but its further end is left unaltered, the nearer 
end being still kept at the temperature t’o* Drove that the distribution of 
temperature at the time t is 

V =ro + 2 CLm sin 

where m is a root of the equation 

a tan mZ+m=0 


and 


4m^o f cos ml 

~ 2ml - sin 2ml\ m 


+me''-0'^{a sin ml cos ml) 
m{a^+m^) 



8. If the surface of a semi-infinite solid has been subjected for an infinite 
time to the temperature v =a +h sin pf, show that the distance from the 
surface at which the amplitude of the fluctuation of temperature is - times 


that at the surface is 



9. A solid is bounded by the planes £c=0 and x=l. Discuss the following 
cases, |[where the. surface temperatures have been kept at the given 
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values so long that the distribution of temperature in the solid is purely 
periodic : 

(i) a: =0 at y -a -rh sin pii x=l at zero. 

(ii) X = 0 at y =a +6 sin pi : x~l, impervious to heat. 

(iii) a:=0 and at y=a4-& sinpi. 

(iv) a; =0 at y =a +6 sin pi : a; at y =<z -6 sin pi.* 

10. An infinite isotropic solid is bounded by an infinite plane and radiates 
across that plane into a medium at temperature A cos (Ai +/5). Prove that 
after a time so great that all traces of the initial distribution of temperature 
throughout the solid have disappeared, the temperature at a distance x from 
the boundary is 


and k, K have the usual meanings. 

Find the corresponding formula when the temperature of the medium is/(^). 

11. A uniform rod of length I, cross-section 8, perimeter p, conductivity 
K and emissivity H, capacity for heat G, density D, and electrical resistance 
Ry is placed in a medium at temperature zero, and has one end heated to 
temperature the other end being kept at zero until the temperature is 
steady. An electrical current of strength I is now passed along the rod 
from the cold to the hot end. Show that when the temperature has again 
become steady, the rise of temperature due to the current at a point distant 
X from the cold end is 


PB8 ^ Icrdo 

' (HpKS)i 


where <t is the electrical conductivity of heat and neglected. 

12. Two uniform plates of the same substance and thickness a are in contact, 
and one slips over the other with constant velocity v, the friction per unit 
area being F. The outside surface of one is impervious to heat, and that of 
the other is kept at zero temperatm-e. Show that at any time t their tempera- 
tures at a distance x from the impervious surface are given by 

Pv/ (2n+l)VCH 

COS(2ra+l)^j. 

where C is the conductivity, c is the thermal capacity per unit volume, and 
J is the mechanical equivalent of heat. 


* Cf. Edrseh, Die Bewegung der Wdrmt in den Cylinderwavdungen der Bampf- 
machine, p. 68, Leipzig, 1886. 
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13. An infinite homogeneous slab whose bounding planes are x~ ±a is 

placed between two media, one beyond the plane x— -a, at which the tem- 
perature is and the other beyond the plane x= +a, at which the 

temperature is zero. Show that if the ratio of the emissivity to the con- 
ductivity is n tan jS, and k has the usual meaning, the temperature within the 
slab at time t is given by 

V = sin cosec - tui) cos (n{x -a) + /3). 

What would be the temperature at any point of the slab if the temperatures 
of the media at the two sides of the slab were VQe—i^nrrt and ? 

14. A solid is bounded by two infinite parallel planes. Taking into account 
the radiation from its surfaces, show that the temperature at any internal 
point will be given by 


where A=tan”^— , A.'=tan'“^ — , 

m m 

I, V are the emissivities of the two faces, supposed unequal, and 2a is the 
thickness of the solid. The origin is taken midway between the faces, and 
w. is determined by the equation 

Hit -f a. + 

g , 

n being any integer. 

15. A ring of uniform small section so coated as to have everywhere the 
same emissivity is made partly of brass and partly of iron, and one of the 
junctions is kept at a constant temperature, while the whole cools in air. 
Determine the ratio of the lengths of the two parts when the coolest place 
is at the other junction. 

16. A thin circular ring whose surface is impermeable to heat is heated 
by a continuous source of heat of strength Q. Show that the temperature at 
time / is given by 

Qt , Qc((f> -Try ttQc Qc ^ 1 j 
2TrcA(r 4z7rAK \2AK irAKin- ^ 
where K = the conductivity, 

or =the thermal capacity per unit volume, 

A =the cross section of ring, 
c =its mean radius, 

s =an arc of the ring measured from the heated spot, 
cj) =the angle subtended by 5 at the centre, 


* Cf. Niven, London, Proc. R. Soc, (A),,'?6, p. 42, 1905. 


C.C.H. 
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17. Any point, the radius through which makes an angle 6 witli a fixed 
radius of the edge of a circular disc of ]*adius a, is maintained at temperature 
f{6)i where /(tt +6^) = ~f(d)- Show that when the motion of heat is steady 
the temperature at (r, d) is 


ll’m**)- 


ar(ci^ — r-) cos<^ ? 

^ -2a^r^ cos 2cl^ -}-r^ 


dcl>, 


tlie disc being supposed not to radiate heat. 


18. If the diameter of a circle be kept at the temperature and the circum- 
ference at temperature -iJo, prove that the temperature at any point is 


+ § («a — Oi) ten-1 — 




and that the isothermal lines are circles passing through the ends of the 
diameter which is taken as axis of x, a being the radius of the circle. 


19. A plate extends to infinity in two directions and is bounded by two 
straight edges which meet at right angles in A, Both edges are at tempera- 
ture zero, except a portion AJB oi one edge, which is kept at temperature unity. 
Prove that the temperature at any point P is 

or ^(lAPB -lAPC), 

where are the semi-axes of the ellipse and ^ 2 , of the hyperbola, which 
can be drawn through P, having A as centre and B as focus, and where C 
ies in BA produced, so that AG=AB. 


20. If in a sector of radius a and angle a the radii be maintained at the 
temperature and the circumference at the temperature Vg, verify that the 
temperature at any point of the section will be 


Han” 


27r 

fa. 


2Tr 

a«- 


\ 2a“r“ sin 


irO 


. 2v., _ 

+ — ^tan”^ 

TT 


sin 




Btt 

f a . 


27r 


21. A plane area is bounded by a semi-ellipse and its axis major. The 
elliptic boundary is maintained at the uniform temperature unity and the 
straight boundary at the temperature zero. Prove that the temperature 
at any point within the area is 


4/sinh<t . IsinhSd) 

7r\smha 3sinh3a 


sin 361 + ... 


)• 


where c cosh (j>, c sinh ^ ; c cos 6, c sin 6 are the semi-axes of the ellipse and 
hyperbola through the given point, confocal with the boundary, and a is 
the value of <j> at the boundary. 


22. A circular cylinder of infinite length is divided into four compart- 
ments by planes through the axes at right angles to each other. Measuring 
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Q from one of the planes, the temperatures of the successive quadrants of 
the surface are maintained at the respective values 

T sin 0, T cos 6, T sin 0, * T cos 6. 

If V is the temperature at a point inside, and if the radius of the cylinder 
is the unit of length, prove that 

TTD TTf 

' +cos^) +r(cos 6 -sin 6) -^^(cosS^ +sin36^) 

+^(cos5^ -sin56>) -^(cos7d +sin76/) 

+ ^(cos9^ - sin 9^) (cos 11^ +sinll^) 

+ etc. 


23. If a slit be made in the plane along the line ^ =0, commencing at the 
origin and extending indefinitely in the positive direction, and if both sides 
of the slit be maintained at zero temperature during the diffusion, prove that 


47r/<i{./o 




is the temperature at time t due to a line source of strength q generated at 
t =0 at (r\ O'). 

Show also how to obtain the corresponding expression for the portion of 
the infinite plane bounded by two straight edges inclined at an angle 27rl(2m -f 1), 
m being integral, the edges being both maintained at zero. 


24. A conducting sphere initially at zero temperature has its surface kept 
at a constant temperature c for a given time, after which it is kept at zero. 
Pind the temperature at any time in the second stage. 


25. A sphere of radius a with initial temperature is surrounded by an 
infinite medium of the same material as the sphere and of initial temperature 
zero. Prove that the temperature at distance r from the centre of the sphere 
at the time t is given by 


r+a 


^/7^ 




2^/(/c^) 




(r—a) - 

e - e 


(rj-ay 

4/c£ 


}]■ 


26. A uniform sphere of I’adius a is at a uniform temperature and is 
surrounded by a spherical shell of thickness a at zero. The whole is left to 
cool in a medium at zero. Prove that 


4 sm era - acr cos era sin err j. 

v = VoS 1 r™; 

0 - o* 4cra - sm 4cra r 

where the values of cr are given by 

tan2cra— 

1-2^ 

Also consider the case when the two substances have different conductivities. 
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27. A homogeneous solid hounded by two concentric spheres of radii a 
and 2a respectively has its inner surface coated with a layer of a substance 
impervious to heat. The solid is raised to the temperature Fq and left to 
cool in a medium at zero temperature. 


Prove that 


,,, Aa cosA(r -a) +sin A.(r -a) 
v — j 


w^here A is a root of 

(1 -2a7i +2A“ff“) sin Aa^ 
Show how Ax may be found. 


(1 + 2ali)Xa cos Aa. 


28. A sphere of radius c is symmetrically heated so that its initial tempera- 
ture at a distance r from the centre is/(r). It is then allowed to cool by radiation 
into a medium at zero. Prove that if the sphere is very small so that powers 
of he above the first can be neglected in comparison with unity, except just at 
the beginning of the cooling, the temperature becomes approximately pro- 
portional to 1 //3A\ 

^-e c sinry(-j. 


29. The initial temperature at a point of a sphere of radius c at a distance 
r from the centre is 


sinh 



r 


and the sphere is surrounded by a medium at temperature zero. If li is the 
ratio of the emissivity and the conductivity and A^, A>, ... are the roots of 
the eq^uation 

cA cos cA +(i^c ~ 1) sin cA =0, 

prove that the subsequent temperature at the time i within the sphere is 

sinA^rsinX^c ^ 
r T +hc(hc -ly 


30. A sphere of radius c has initial temperature 


and radiation takes place at its surface into a medium at zero. Show that if 
A^ is a root of the equation 

cX cos cA -f - 1) sin cA = 0, 


the temperature at the time t is given by 

where P =c-A^- +(Ac - 1)®, 

Q =c®A^“ +7i€{hc - 1). 

31. The initial temperature at any point of a sphere exposed in an infinite 
medium at temperature zero is given by 

1 . Tvr 1 -- 

-Icsin-s-c 
r 2c 
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G being the radius and r the distance of the point from the centre. Show that, 
if A is a root of the equation 

cX cos cA + (^c - 1 ) sin cA =0, 
the temperature at the same point after a time t is 

i S sin X^r, 

Firc,y{A„-^c= + (he - l)^}[^(Ac - 1)^1 ^ - X^V(hc-3) +2eX^c^{X^-V- +{kc - 1)^}^ 

(X^^c^ +Ac(Ac -1)) {l +(|- A^cJl {l +(| + X^c)'} 

32. A homogeneous sphere of radius a is heated so that the initial tempera- 

ture is (cos 6 sin mr - mr cos mr). 

Show that the temperature at time t is where m is a root of the 

equation (^cch - 2) {ma cot ma - 1 ) = 

the external medium being at zero temperature. 

33. A solid globe of metal, radius a, conductivity k^, thermal capacity per 
unit volume Ci, is surrounded by one of another metal, outer radius h, con- 
ductivity and capacity and Cg, the whole radiating into a medium at zero. 
Prove that, if at any time the temperatures of the two metals are repre- 
sented by 


sin ma cos nir - a) k-, m cos ma sin nir -a) 

y — 1 ^ i i ' 

mr Ko a 7nn 




sin 7na sin n{r - a) 


where 7ri“~ 0, 

Cl Cg 

the temperatures at any subsequent time will be 

e— 

and determine the equation connecting n with the emissivity of the outer 
metal. 

34. A solid sphere is surrounded by a concentric non-conducting spherical 
surface, and the space between is filled with hot liquid kept at a uniform 
temperature by agitation. Prove that if v is the temperature at a point in 
the sphere, and v', the temperature of the hquid at any time, then v, v' are 
of the forms 

^ . sin 7ir .. 
v=c +zAn — - — 

, ^ sin?wi6 

v'=c+l^An~ 5 e-icn-i 
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where is the ratio of the heat capacity of the sphere to that of the liquid, 
and n is any root of the equation 

xa~(\-T ha —^ — 5 ) tan xa. 


35. In an iniinite conductor made of uniform material an instantaneous 
spherical source of strength Q is generated over the surface of a sphere of 
radius a and left to diffuse tlirough the conductor. Prove that if the heat 
generated over equal elements of the spherical surface is ever^wvhere the 
same, the subsequent temperature at a point distant r from the centre 
of the sphere is 


0 


1 


sJiTTKi) dTTtfr 


r"+a= 

sinh^. 

ZKt 


36. If over every element dS of a spherical surface in an infinite solid 
sources of strength Yn{x% y\ z')dS of heat are generated {Yn{x% y', z') 
being a solid spherical harmonic of degree n; x, y\ z' being the coordinates 
of the element dB referred to axes through the centre), prove that, at the 
point {.r, y, z) distant r from the centre at time t. 






-Y„{x, y, z)e 


4/cJ 


/ sinh 71 

d(u^y\ 


)• 


where 


"2/cr 


37. The surface temperature of a sphere of thermometric conductivity k 
is made to vary according to the law v =S„ cos ct, where Sn is a surface har- 
monic of degree 7i, Prove that the consequent fluctuation of temperature in 
the interior is given by the formula 


_^ [P{r)P{a) -Hg(r)Q(fl)]cos(rf -f [P(r)g(a) -Q(r)P(a)] sin cr/ Yr 


{Pia)y + {Q{a)Y 




where P{r) = 1 • 




ep 


2 . 4 . 2re +3 . 2re +5 2 . 4 . 6 . 8 . 2» +3 ... 2?i + 9 ’ 


Q{r) = 


2 . 27i +3 2 . 4 . 6 . 2?i +3 ... 2?i +7 


+ ... . 


Examine and interpret the forms which the result assumes (1) when a is 
large compared with and (2) when n is large compared with cr^. 

38. A homogeneous solid sphere has half its surface, viz. the portion bounded 
by a great circle, maintained at temperature unity, while the other half is 
maintained at zero. Find the steady motion of heat. Show also that the 
mean of the temperatures at two points on the same diameter and equally 
distant from the centre is the same for all diameters. 
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Let the sphere while in this state of temperature be enclosed in a closely 

fitting envelope impervious to heat and left to itself. Show how to find the 

temperature at any point after any time t, and when t is very great, show 

that the temperature at a point whose coordinates are (r, 6) is approximately 

, . ,cos^ 

J -fA((rr cos o-r -sm err)— 

where (r is a constant depending on the radius of the sphere. Show how to 
determine this constant. 

39. A line source of strength Q is instantaneously generated along the 
axis of an infinitely long circular cyhnder at the time ^ =0. The tempera- 
ture V was everywhere previously zero, and the temperature of the boundary 
r=a is maintained at zero. Prove that at any subsec[uent instant 
_ Q V Joim,r) 

where k is the thermometric conductivity, and the quantities are the 
positive roots of the equation 

= 0 . 

Prove that when a is made infinite the above expression assumes the form 

0 r 

V = Jq {ru) du, 

and by comparison with an independent solution of the problem, evaluate the 
definite integral. 
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NOTE ON BESSEL’S FUNCTION. 


1. The BesseFs function (z) is given by the equation 


Jniz) = 2 

r=0 


r(r + l)r(7j + r + 1)’ 


and is thus defined for all values of n, when the general Gamma Function* * * § 
is used. «/n(z)j when n is not an integer, will be many- valued, but it will 
be made single-valued by restricting the complex variable to a complete 
revolution : e.gr. by taking |arg^|< 7 r. 

For other values of the argument we use the equation 




2. When n is not an integer, J’„(z) and are independent solutions 

of BesseFs equation, but when n is integral. 

For a second solution, available for all values of we choose 




the limit being taken when n is an integer. 

It is knownj* that with this definition Y^(z) is infinite when z = 0, and 
that Y q{z) and Y^(z) are given by 


-r„(^).-=2J„(i:)(log {zl%) + y) + (zjif - + 


/ 2 )« 


'■ m=l m~l J r=0 ^ T ! 


3. The Bessel s function of the second kind defined above and denoted bv 
Y^[z) was first used by Weber.J It is taken as the standard function of 
the second kind by Nielsen, § but he uses the notation Y^{z) and calls it 
Neumann^s function. As a matter of fact, Neumann (K.) in his Thewie der 
Bessel’schen Fundiotien (Leipzig, 1867) was concerned only with positive 

* Whittaker and Watson, loc, cit. (3rd Ed.), Ch. XII. 

t Whittaker and Watson, loc. cit. (3rd Ed.), p. 372; Watson, loc. ciL, 
§§ 3. 51 (3), 3. 52 (3). 

IMath. Ann., Leipzuf, 6, p. 148, 1873. 

§ Nielsen, loc. cit., p. 10. 
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integral values of and his function of the second kind, for which he used 
the notation is connected with our Y^{z) by the relation 

where y is Euler’s Constant,* namely Lt - log 

W— >35 \ Z d % J 

The function we denote by Y^{z) is the same as Gray and Mathews’ 
Yjj( 2 ).t It should be noticed that Schafheitlin’s Y^{z) is minus ours : J 
also that Gray and Mathews’ Y^{z) is Neumann’s function Y^{z). 

4. In many questions the functions denoted by and are 

very usefuL§ They are defined by the simple relations 

and H^^K^)=J„{z)-i7„{z). 

They may be described as Bessel’s functions of the third kind, and they 
must find a permanent place in the treatment of Bessel’s functions because 
of the simple formulae for |arg;sl < tt : 

approximately in the upper part of the ^-plane, when is large ; ^ 

approximately in the lower part of the 2 -plane, when l^] is large, ji 


5. Since, in the upper part of the 2 -plane when \z\ is large, we have the 
approximation ** 

J{27rz) 

it follows that at infinity in the upper part of the 2 -plane ( 2 ) is infinite, 
H^K^) vanishes, and J^{az)H^^^(bz) vanishes, when a and h are real and 
positive, a<b. 


*Cf. Whittaker and Watson, loc. ciL (3rd Ed.), p. 235. 
t Gray and Mathews, loc. cit., p. 64, (131). 

I Schafheitlin, Theorie der Besselschen Funktionen, p. 44, Leipzig, 1908. 

§ Nielsen, loc. ciL, p. 16. Watson, loc. ciL, §3. 6 (1). 

li Of. Whittaker and Watson, loc. cit. (3d Ed.), i^p. 368, 371 ; Watson, loc. cit, 

§7.2(1). 

** Whittaker and Watson, loc. cit., (3rd Ed.), p. 368; Watson, loc. cit.y 
§7. 21 (1). 
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